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Abstract

Multipartite quantum information transmission without additional classical resources is
investigated. We show purely quantum superadditivity of quantum capacity regions of
quantum memoryless multiple-access (MA) channels, which are not entanglement breaking.
Also, we find that the superadditivity holds when the MA channel extends to the quantum
butterfly network, which can achieve quantum network coding. The present widespread effects
for the channels which enable entanglement distribution have not been revealed for

multipartite scenarios.

PACS numbers: 03.67.Hk, 89.70.Kn

(Some figures in this article are in colour only in the electronic version.)

1. Introduction

The combination of quantum theory and classical information
theory leads to an emerging field, namely, quantum
information theory. One of the main problems of quantum
information theory is how to obtain the capacity of a
quantum channel, i.e. how much information can be
transmitted down the quantum channels [1]. Unlike the
classical channels, a quantum channel can be applied not only
to transmit classical information [2, 3], but also to transmit
quantum data [4, 5] and classical private information [6].
In particular, quantum capacity Q(N) is the quantity that
quantifies how large a Hilbert space of states the channel N/
can transmit asymptotically with vanishing errors, classical
capacity C(N\) is the maximal rate of classical information
the channel NV can transmit asymptotically and faithfully and
classical private capacity P(N) quantifies the maximal rate
of transmitted classical information that further should be
inaccessible to the environment.

Very surprisingly, Smith and Yard [7] showed
theoretically the superadditivity phenomena of quantum
capacities for the bipartite scenario, in which two quantum
channels with zero transmission capacity can have a nonzero
capacity when they are used together. For the multipartite
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communication scenarios, i.e. channels with several senders
and several receivers, the superadditivity of the quantum
capacity has also been revealed in [8] when supported
by free two-way classical communications. Recently,
the superadditivity effects of quantum capacities are newly
observed for the multiple-access (MA) entanglement breaking
channels, i.e. channels that cannot create entanglement
between the sender and the receiver, without additional
resources [9]. On the other hand, nonadditivity of classical
capacity has been found for the bipartite scenario in the
product state encoding case [10], and for MA channels
[9, 11] in an asymptotic way whether they are entanglement
breaking channels or not, without additional resource support.
The observation of superadditivities of classical capacities for
the MA entanglement breaking channels demonstrates that
there is a borderline between superadditivities of bipartite
and multipartite systems, since the bipartite entanglement
breaking channels cannot contribute such superadditivity
effects [12—14]. However, purely superadditivity effects of
quantum capacities for MA quantum channels that enable
entanglement distribution, i.e. channels that can create
entanglement between the sender and the receiver, have not
yet been revealed when additional classical communications
are excluded.

© 2011 The Royal Swedish Academy of Sciences
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In this paper, we explore whether superadditivity
effects still hold for the MA channels which can be
used for entanglement distribution, since purely quantum
superadditivity phenomena have not yet been revealed for
the multipartite channels studied before when side resources
are unavailable. To achieve this aim, we first construct
a class of two general MA entanglement distribution
channels. Then, importantly, we construct a special ideal
three-access entanglement distribution channel, and extend
the ideal three-access to a noisy version and a quantum
butterfly network [15], which can achieve quantum network
coding [15-18]. Generally, quantum network coding enables
transmitting quantum information simultaneously, as well
as cross transmitting, even when there is only one channel
connecting the two sides in the butterfly network. We show
strong nonadditivities of quantum capacities of the class
of two general MA channels, the three-access channel and
the butterfly network when assisted with highly entangling
channels. Thus, it can be concluded that quantum capacity
regions of MA channels without side resources are also
nonadditive whether they are entanglement breaking or not.
As provided in [9, 11], the additivity theorem of classical
capacity for the quantum network violates the locality rule
for the discrete classical networks that in any classical MA
network primitive it is impossible to improve the transfer rate
of one sender by adding resources to another sender. Here,
we extend this additivity theorem classical capacity to the
quantum capacity scenario for the quantum network.

This paper is organized as follows. In section 2, we
give a brief introduction to the quantity we are investigating,
namely the quantum capacity of the quantum channel, for the
bipartite and multipartite scenarios. We then construct a class
of general MA entanglement distribution channels, propose an
ideal multi-access quantum channel and a noisy version of it
and show the superadditivity effects of the quantum capacity
regions of these two channels without additional resources
in section 3. In section 4, we demonstrate that the quantum
capacity region of the quantum butterfly network, which can
achieve quantum network coding, is also nonadditive when
no additional resources are involved. Finally, the conclusions
drawn are presented in section 5.

2. Quantum capacity of a quantum channel

Quantum communication channels that can be physically
pictured as transmissions of quantum systems from sender
to receiver can be used to transfer classical or quantum
information. For the transmission of classical information,
the classical bits are first encoded in quantum states, which
are then transmitted via a quantum channel, whereas in the
case of quantum information, unknown quantum states are
directly encoded and transmitted between the communicators.
Mathematically, a quantum channel is represented by a
completely positive, trace-preserving linear map N, which
maps from B(H4) to B(Hp), where B(H) denotes the set of
bounded linear operators on the space H, and H, and Hp
are the input and output Hilbert spaces. Given n uses of a
quantum channel A : B(H4) — B(Hp), what we would like
to find is a quantum code C, C H 4= and a decoding operation
D, : B(Hpgen) — B(C,), such that every state |{) € C, can be

decoded with high fidelity after being sent through the channel
N® | that is, D, o N®" (¢ ){(¥]) ~ |¢)(¥|. The rate of the
code C,, which is defined as

1
R = —logdimC,, (1)
n

quantifies the amount of quantum information transmitted
between the sender and the receiver. More formally, the
rate R can be achieved if for all € >0 and sufficiently
large n, there is a code C, and a decoding operation
D,, where 1/nlogdimC, > R for C, C Hyen and D, :
B(Hpen) — B(C,) such that for all |¢) € C,, the fidelity

F(1Y), Dy o N (Y )y ) = 1 —e. @)

The quantum capacity Q(N) of the bipartite quantum channel
N is defined as the supremum of all such achievable rates.
The definition of quantum capacity can be generalized to
an MA channel, i.e. a channel has many spatially separated
senders Ay, ..., A, and one receiver B. Now the input Hilbert
space is given by the tensor product of the Hilbert spaces
of the senders, Hy =Ha, ®...Ha,, while the channel is
also N : B(H,) — B(H3p). For an MA quantum channel and
any subset A of the senders, one can define a rate Rj_
as the measurement of the amount of quantum information
sent from the set of senders A to receiver B, and a rate
vector R= (R~ 5, ..., Ra;—~p, ..., Ra,—p) to evaluate the
quantum capacity region. Obviously, we have H; = Hp,
where H; = @), .4 Ha, is the Hilbert space of parties in

the subset A [8], and Zi Rpop<R;_ gforA; e A because
of the possible superadditivity of the quantum capacity of
quantum channels [7, 9].

It should be noted that the parties in the complementary
set of A may prepare their system in some suitable state to
achieve the multiparty communication. Considering all the
varieties of quantum codes and decoding operations for each
choice of subset of the senders, i.e. all the optimal achievable
rates over all possible choices of A, the quantum capacity
region of the MA channel is the largest space expanded by
the rate vector R.

3. Superadditivity of the quantum capacity
of an MA channel

First of all, we construct a class of two general MA
entanglement distribution channels via known bipartite
quantum channels that violate the additivity of quantum
capacities. For bipartite channels, the effects have been found
for two channels with zero quantum capacities [7], namely
the Horodecki channel My with nonzero private capacity and
the 50% erasure channel A4 with zero private capacity. It is
shown that the quantum capacity Q(Ny x N,) > 0. For the
bipartite channel A" with nonzero quantum capacity, it can
be deduced from [7] that these superadditivity effects only
exist under the condition of Q(N) < 0.5P(N). However,
recent studies on the nonadditivity of private capacity
[19, 20] show that this condition in the bipartite case is
actually not necessary. Therefore, MA quantum channels
that admit nonadditivity of quantum capacities can be easily
constructed from the bipartite channels as follows.
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Figure 1. The MA teleportation channel. BM denotes the Bell
measurement and U; is the controlled unitary operator
Ui e{l,o,,o0,,i0,}, where o; is the Pauli matrix.

Suppose two bipartite entanglement distribution channels
that admit the nonadditivity of the quantum capacity to be
Ni and N,. Then the first MA channel with two senders
A, B and a receiver C is between A and C is the channel
N1 and between B and C is the identity channel N };d_)c;
the second MA channel can be constructed similarly with
N, replacing Nj. Thus, it can be easily seen that the two
MA entanglement distribution channels admit nonadditivity
of the whole quantum capacity regions, and all the bipartite
entanglement distribution channels that admit nonadditivity of
quantum capacities can be used to construct the MA channels
violating the additivity. However, are there any two MA
entanglement distribution channels in which the constitutive
bipartite channels cannot violate nonadditivity of quantum
capacities, but also admit nonadditivity?

In the following, we show superadditivity of quantum
capacity regions for the entanglement distribution MA
channel, in which the bipartite channels cannot violate
nonadditivity of quantum capacities, when combined with
a highly entangling channel. The MA channel is plotted in
figure 1; we call it here the MA teleportation channel N'T.
Alice, Bob and Charlie have two-dimensional (2D) inputs,
while David has a 2D and a 4D output. The channel carries
out Bell measurement on two qubits sent by Alice and Bob
and transmits a measurement result to David. Simultaneously,
the channel transforms the qubit sent from Charlie to David
depending on the measurement outcomes. The outcomes
|®*)p, |©7)p, |¥*)p and |¥~)p correspond to unitary
operations /, 0;, o, and i, respectively.

Considering the single use of the channel N'T, Alice
(Bob) can teleport an unknown qubit state to David when Bob
(Alice) and Charlie send a pair of maximally entangled qubit
states. Thus, the transmission rate between Alice (Bob) and
Charlie can be obtained as Rap) =1 (R; denotes the rate
R;_.c with i = A, B for short in this section) according to
equation (1). This gives rise to rate vectors (R4, Rg, R¢) =
(1,0,0) and (R4, R, Rc) = (0, 1, 0). Also, the channel can
transmit a qubit from Charlie to David, while Alice and Bob
send a fixed maximally entangled state. This corresponds to
the rate vector (R4, Rg, Rc) = (0,0, 1). We now can easily
obtain the quantum capacity and classical private capacity
of the transmission channel between a single sender i and
receiver D as QW) =PWN) =1 for i=A,B and C.
Since the channel carries out the complete von Neumann
measurement on two qubits, the rate R4+ Rp+ Rc cannot
be greater than 1. It should be mentioned that the input of
entangled signals across the same channels will not increase
the extra rate, the quantum capacity of the channel AT itself
admits a single-letter formula. Hence, the quantum capacity
region of NT is given by QNT) ={(R4, Rp, Rc) : Ry +
R+ Rc < 1}.

The other channel is the identity qubit channel N}{L D
which transmits single qubits from Alice to David faithfully.
Its quantum capacity region can be easily obtained as
OWY, ) ={(Ra,Rp,Rc) : Ry < 1,Rp =0, Rc =0}.

Now we find the quantum capacity region Q(NT ®
N}\d_) p)- Also, it can be easily demonstrated that ONT®
NN ) admits a single-letter formula. Firstly, we consider
the senders who transmit quantum information alone. For
Alice, she can optimize her rate by teleporting a qubit through
channel N'T and transmitting another qubit through channel
NI . This gives the rate vector (Ra, R, Rc) = (2,0, 0).
For the other two senders, the rate vectors (R4, Rg, R¢) =
(0,1,0) and (R4, Rp, Rc) = (0,0, 1) can also be achieved.
Secondly, we consider two of the senders who cooperate to
send quantum messages. It can be easily seen that the rate
Ra+Rp <2 and Rs+ Rc <2 can be achieved, since the
channel AN can transmit one qubit from Alice to David,
and channel AT can teleport a qubit from Bob to David or
transmit one qubit from Charlie to David. Now we turn our
attention to evaluating the rate Rp+ Rc. When Alice sends
half of the maximally entangled pair of qubits through the
channel V)Y, ) and the other half through the channel N'T,
Bob and Charlie can transmit two qubits to David. Consider
the general state transmitted by Bob and Charlie |{)gc =
al00) gc +b|01) gc +¢|10) gc +d|11) gc; we get

| anr ® [V)pe = 3PV ap @ [¥)ac + 3P ) ap
®@cfor ol Y e+ W) ap
®@lo ol 1Y) e+ W) ap

® (io) (0, ) (o)) ac,  (3)

where the subscript A’ denotes the input of the channel N .
It can be seen from equation (3) that David can perform two
modificatory unitary operations on the received two qubits of
the two 2D outputs according to the Bell measurement results
of the 4D output, and then receive two qubits faithfully. For
instance, if the Bell measurement result is |W™*) p, then David
uses the Pauli matrix o,.. Hence, the rate Rg + R¢ < 2 can also
be achieved. Lastly, the rate R4 + Rp + R¢ cannot be greater
than 2 because of the complete von Neumann measurement on
two qubits in the channel A'T. Therefore, the capacity region
OWNT@NY ) is given by

—

RA+RB+RC<2, RB<1, chl (4)
It can be clearly seen that the quantum capacity region of
the product of the MA teleportation channel and the identity
channel Q(NT® NI, ) is greater than the geometric sum of
two quantum capacity regions of the two individual channels,
ie. OWWT) and QWY ), which are depicted in figure 2.
Hence, we have shown the nonadditivity of quantum capacity
regions of the MA channels without additional resources
even when the single bipartite channels j\/:T cannot violate
nonadditivity when assisting with the channel N}, , for
i=A,B and C. This simple example illustrates that the
nonadditivity effect of quantum capacity regions of different
channels can also occur naturally for the MA channels
even when they are not entanglement breaking channels,

and it shows that superadditivity effects of the quantum
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Figure 2. (a) Quantum capacity region of the channel N'T; (b) geometric sum of quantum capacity regions of channels N, ;, and N'T; (c)
quantum capacity region of the product of two channels N}, , and N'T.

 — D

BM
B_
CD

Figure 3. The noisy version of the MA teleportation channel. BM
denotes the Bell measurement, and U; is the controlled unitary
operator U; € {I, oy, 0.}, io,, where o; is the Pauli matrix. E, is the
2D quantum erasure channel.

capacity regions can occur for a larger range of entanglement
distribution channels.

It is worth noting that the superadditivity of quantum
capacity regions effect also exists when the MA teleportation
channel extends to a noisy version. We denote the noisy
MA teleportation channel by j\/'gv, which is depicted in
figure 3. The channel J\/’ET acts as a combination of NT
and the 2D quantum erasure channel E, [21], which
transmits the input state faithfully with probability 1 —x,
and with probability x replaces the input by a unique
state, i.e. an erasure symbol, orthogonal to all the input
states. For 0 <x <0.5, the quantum erasure channel,
and hence also the noisy MA channel ./\/'T), can achieve
quantum distribution. The quantum capacity region is
given by QWJ)={(Ra.Rp.Rc):Ra+Rp+Rc< Q)
where Q@ is the quantum capacity of the quantum
erasure channel E, with the formula Q =1-2x for
0 <x < 0.5 [22]. The other channel is the identity qubit
channel from Charlie to David with the quantum capacity
region OWM, ) = {(Ra,Rp,Rc): Ry = 0,Rp = 0,
Re < 1}.

Now we consider the quantum capacity region of the
tensor product of these two channels. Assuming Alice (Bob)
sends half of the maximally entangled pair of qubits through
the channel j\/g( and Charlie sends the other half through
the channel J\/’éi p- the product channel can teleport a qubit
from Bob (Alice) to David when he performs a modificatory
operation on the received qubit according to the received
Bell measurement results. Thus, we get (Ra, Rp, R¢) =
(1,0,0) and (R4, R, Rc) =(0,1,0). Also, Charlie can
optimize his transmission by sending qubit states through
the two individual channels. This gives the rate vector

—

(Ra, R, Rc) =(0,0,1+ Q). On the other hand, there is
R4+ Rp+ Rc < 1+ 0, since the total rate cannot be greater
than the quantum capacity of the product of the 2D quantum
erasure channel and the identity qubit channel. Hence, three
extreme points of the quantum capacity region of the product
channel are given by

(Ra, Rp, Rc) =(1,0,0),
(Ra, R, Rc) =(0,1,0), %)
(RAs RB? RC) = (Oa 09 1+Q)

These extreme points prove the superadditivity of these
quantum capacity regions, since Q < 1 for 0 < x < 0.5. Also,
we can easily obtain the quantum capacity of the transmission
channel between the single sender i and receiver D as
QWE )=0=1-2xfori=A,B and C, and the single
bipartite channels /\/’Erni also admit additivity when assisting
with the channel N}, ). Supposing that the classical private
capacity of the transmission channel between the single
sender i and receiver D is valued as the maximum P (J\/g“ )=
C('/\/gx,i) =1—xfori =A, B and C, the condition Q(N;) <
0.5P(N;) can be transformed to x > % Obviously, both the
MA channels N and /\/g break the condition of producing
superadditivity effects of the quantum capacities for the
bipartite entanglement distribution channels in [7], since the
effects for /\fET always exist for 0 < x < 0.5.

4. Superadditivity of quantum capacity of a
quantum butterfly network

In this section, we consider the quantum capacity region
of a quantum butterfly network described in figure 4. The
butterfly network can be seen as a quantum channel N2 with
six senders and two receivers, which is composed of two
noisy MA teleportation channels j\/g with modifications.
Each sender has a 2D quantum input, and each receiver
has a 2D quantum output and a 4D classical one. The
node T transforms the Bell measurement results |®F)p,
|®7)p, |¥*)p and |¥~)p to 4D classical bits 00, 01,
10 and 11 correspondingly and takes a binary addition.
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C B 4 4, B, C,

2
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Figure 4. The quantum butterfly network A'B, which enables
perfect quantum network coding. The thick (thin) lines stand for
classical (quantum) channels. BM denotes the Bell measurement,
and U; is the controlled unitary operator U; € {I, o,, 0, io,}, where
o; is the Pauli matrix. E, is the 2D quantum erasure channel.

The node C copies the input classical bits and transfers
them to two sides. Since here we consider the quantum
information transmission, the intact unknown qubits can
be only transmitted to one receiver, i.e. Dy or D,. We
denote the total rate vector as R = {RF, R}, where RF =
(R4,-Dp,, Rp,~p,, Rc,-p,, R, p,» R, p,» Rc,—p,) and
R®=(Ra,~p,.Rs,~ D, Rc,~p,> Ray> 0y RB,— Ds» Reys,)
are called the parallel rate vector and cross rate vector here,
respectively.

We first consider parallel transmission. When A;, B
(A,, By) send a fixed pair of maximally entangled qubits, the
channel can transmit Q qubits from C; (C3) to D, (Dy), and
teleport another Q qubits from A, (A1) or B, (B1) to Dy (D»).
Furthermore, when two pairs of the senders A, B; and A,,
B, transmit two pairs of fixed maximally entangled qubits,
Q qubit transmission from C; to D, and from C, to D; can
also be achieved. On the other hand, the total rate of parallel
transmission cannot be greater than 2(Q. Hence, the extreme
points of the parallel transmission rate vector are given by

R"=(0,0,0,0,0,0),
R’ =(0,0,0,0,0,0), (6)
R’ =(0,0,0,0,0, Q).

R’ =(0,0,0,0,0,0),
R" = (0,0, 0,0,0,0),
RP = (O, O, 07 0, Qa 0)7

Also, the channel N2 can fulfil quantum network coding
by using the protocol proposed in [18]. In particular, when
A1(B)), C; and A3(B;), C; send two pairs of maximally
entangled qubit states, B (A;) and B,(A») can simultaneously
transmit Q qubits to D; and D,, respectively. It should be
noted that the receivers should modify the received qubits
with unitary operations according to the received bits, where
00, 01, 10 and 11 correspond to Pauli matrices I, o, o, and
io, respectively. Thus, we obtain the six extreme points of the
cross transmission rate vector as

R = (0, 0,0,0,0,0),

R¢=(0,0,0,0,0,0), (7)
R€ = (0,0,0,0,0,0).

R®=(0,0,0,0,0,0),
R¢ = (0,0, 0,0,0,0),
R€ =(0,0,0,0,0,0),

Now we take into account the case when the channel
NB is assisted by a product of two identity channels,
1d — Arld 1d : :
Neéic,pop, =N¢, o p, ® N, p,- Obviously, its quantum

capacity region is given by

Re,»p, <1, Rc,p, <1 (8)

Also, we first consider the parallel transmission rate vector.
When A,, B, (A1, B;) send fixed maximally entangled pairs,
Ay (Ay) or By (B) can teleport qubit information to D,
(D) through the identity channel N¢Y_ , (W{_, ), and C,
(C») can also transmit Q qubits to D, (D) through channel
NB_ when performing modificatory unitary operations on the
received qubits according to the received bits. Furthermore,
C) and C; can at most transmit 1+ Q qubits to D, and Dy,
when A;, B; and A,, B, send fixed maximally entangled
pairs. Thus, the extreme points of the parallel transmission
rate vector of the product channel are given by

R’ =(0,1,0,0,0,0),

R =(0,0,0,1,0,0), 9
R’=(0,0,0,0,0,1+ Q).

R’ = (1,0,0,0,0,0),
R’ =(0,0,1,0,0,0),
R"=(0,0,0,0,1+0Q,0),

For cross transmission, when A,, B, send fixed
maximally entangled pairs, and A; sends half of the
maximally entangled pair of qubits through the channel N'®
while C, sends the other half through channel é‘iﬁ p,» Bican
teleport one qubit to D; with a modificatory operation. Also,
A,, By and B; can cross transmit one qubit in the same way.
Hence, we obtain the extreme points of the cross transmission
rate vector of the product channel as

R¢=(0,1,0,0,0,0),
R€=(0,0,0,1,0,0),
R® =(0,0,0,0,0,0).

R€ = (1,0,0,0,0,0),
R€=(0,0,1,0,0,0),
R® = (0,0,0,0,0,0),

(10)

These extreme points in equations (6)—(10) prove the
nonadditivities of the quantum capacity regions for both
parallel and cross transmissions. Hence, we have shown
the nonadditivity of the quantum capacity region of the
quantum butterfly network. It should be mentioned that the
sum of the rates from A; or By to D; and from A, or
By to D, of the product channel remain unchanged at 20Q,
i.e. the assistance of identity channels cannot improve the
simultaneous cross transmission, since D, D, still cannot
confirm exactly which unitary operation should be used
to recover the received qubits. However, the assistance of
highly entangling channels can help improve the single cross
transmission rate, i.e. achieving one qubit, which results
in the superadditivity of the quantum capacity region for
cross transmission. It can be seen from the superadditivity
of quantum capacity regions of the entanglement distributing
MA channel and network that even the quantum channels,
which are unrelated to the senders, can be applied to assist in
improving their transmissions of quantum information. This
is a natural phenomenon coming from quantum teleportation
and does not exist in classical communications. In particular,
it is significant for quantum network communication, since
the higher rate of quantum information transmission implies
a higher rate of entanglement distribution, which has broad
applications in quantum communication.
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5. Conclusion

We have introduced the definition of the quantum capacity
for the bipartite quantum channels and extended it to MA
quantum channels. Then we have constructed a simple
class of general MA entanglement distribution channels
that admit nonadditivity of quantum capacities via two
bipartite channels that violate the nonadditivity of quantum
capacities. Furthermore, we construct two MA entanglement
distribution channels each with three senders and one
receiver, i.e. an ideal MA channel and a noisy one, in
which the bipartite channels cannot violate nonadditivity
of quantum capacities, and a quantum butterfly network
which can achieve a quantum coding network. We have
evaluated in detail the quantum capacity regions of the two
three-access quantum channels and the butterfly network,
and quantum capacities when they are assisted by ideal
identity channels without additional classical communications
in an asymptotic way. We have shown the superadditivity
of quantum capacity regions of the ideal MA channel
geometrically, and proved that the superadditivity effects still
hold for the noisy MA channel and the quantum butterfly
network. The present effects for entanglement distributing
channels, to some extent, discriminate the three-access
channel with other MA quantum channels, since these
naturally widespread effects have never been found in other
multipartite scenarios when no additional resources are
involved. Hence, we can conclude that nonadditivities also
hold for quantum capacities of the MA channels whether they
are entanglement breaking or not, without additional resource
support.
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