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Hyperentanglement is a promising resource for achieving high capacity quantum communication. Here, we propose
a compact scheme for the generation of path–frequency hyperentangled photon pairs via spontaneous parametric down-
conversion (SPDC) processes, where six different paths and two different frequencies are covered. A two-dimensional
periodical χ(2) nonlinear photonic crystal (NPC) is designed to satisfy type-I quasi-phase-matching conditions in the plane
perpendicular to the incident pump beam, and a perfect phase match is achieved along the pump beam’s direction to ensure
high conversion efficiency, with theoretically estimated photon flux up to 2.068× 105 pairs·s−1·mm−2. We theoretically
calculate the joint-spectral amplitude (JSA) of the generated photon pair and perform Schmidt decomposition on it, where
the resulting entropy S of entanglement and effective Schmidt rank K reach 3.2789 and 6.4675, respectively. Our hyper-
entangled photon source scheme could provide new avenues for high-dimensional quantum communication and high-speed
quantum information processing.

Keywords: hyperentanglement, nonlinear photonic crystal, quasi-phase-matching
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1. Introduction
Quantum entanglement is a fascinating and captivat-

ing phenomenon in quantum mechanics. It plays a cru-
cial role in areas such as quantum computing,[1–3] quan-
tum communication,[4–7] quantum cryptography,[8,9] quan-
tum imaging,[10,11] and quantum precision measurement.[12]

By harnessing quantum entanglement, we can achieve faster
and more secure communication,[13,14] efficient computational
methods,[15] and breakthroughs in encryption technology.[16]

Hyperentanglement is an intriguing extension of the phe-
nomenon of quantum entanglement that pushes the boundaries
of our understanding and exploration of the quantum world.
Hyperentanglement refers to a quantum state with entangle-
ment in multiple degrees of freedom, such as polarization, fre-
quency, path, time, and orbital angular momentum.[17] This in-
tricate entanglement creates a vast and intricate quantum state
space, offering unprecedented opportunities for information
processing and communication.[18] One of the most fascinat-
ing aspects of hyperentanglement is its potential for enhanc-
ing quantum communication protocols. By exploiting multiple
degrees of freedom, hyperentanglement allows for more effi-
cient transmission of information and increases resistance to
noise.[19] Such advancements pave the way for significant ap-
plications in secure quantum key distribution,[20,21] quantum
teleportation,[22] and quantum cryptography.[23,24]

The generation of hyperentangled photon pairs through
the spontaneous parametric down-conversion (SPDC) process
in nonlinear photonic crystals (NPC)[25–28] with second-order
susceptibility χ(2) is widely employed in research. Specifi-
cally, photonic crystals such as periodically poled lithium nio-
bate (PPLN) and periodically poled potassium titanyl phos-
phate (PPKTP), designed using quasi-phase matching (QPM)
technology, enable a range of optical parametric processes,
possessing both high efficiency and flexibility.[29–31] This ver-
satility facilitates advanced scientific investigations into novel
quantum entanglement sources, contributing to cutting-edge
research in the field.

The state of art technique for fabricating two-dimensional
NPCs involves a combination of advanced lithography tech-
niques, materials engineering, and nanofabrication methods.
Electron beam (EB) lithography is a high-resolution patterning
technique that uses a focused beam of electrons to selectively
expose a material.[32] Without any static bias, He et al. real-
ized the fabrication of two-dimensional ferroelectric domain-
reversed structures in lithium niobate using EB lithography
at room temperature.[33] In addition, ultrafast laser writing
is also a promising fabrication technique for controlling pre-
cise two-dimensional NPC structures, and it can achieve three-
dimensional NPC fabrication with nanoscale resolution by ei-
ther writing or erasing domain structures in the crystal.[34,35]
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Another commonly used technique in NPC fabrication is elec-
trical poling, which involves applying a high voltage to a spe-
cific region of the crystal, resulting in the flipping of its χ(2).
In our work, considering that the two-dimensional NPC we
designed only has a resolution at the micrometer scale, it can
be easily achieved through electrical poling.

In this paper, we first introduce our compact path–
frequency hyperentanglement scheme and basic parameters of
the designed nonlinear photonic crystal. Then we give the the-
oretical model of our hyperentangled source using quantum
optics theory. Finally the joint-spectral amplitude (JSA) of
the generated photon pair is calculated, with Schmidt decom-
position on it, demonstrating a strong frequency correlation
between the generated two photons.

2. Overall hyperentanglement scheme
We plan and design specific spontaneous parametric

down-conversion processes to generate path–frequency hyper-
entangled photon pair. SPDC processes will take place when
both energy conservation and momentum conservation are sat-
isfied. We design a two-dimensional periodical χ(2) nonlin-
ear photonic crystal to compensate for the phase mismatch in
the SPDC processes, i.e., to satisfy quasi-phase-match condi-
tions in the plane perpendicular to the pump beam. Our the-
oretical scheme is shown in Fig. 1(a). A type-I (e→ o+ o)
phase-matched 5% MgO-doped lithium niobate is selected as
the material of our NPC and the temperature is set as room
temperature (25 ◦C).

Our scheme of path–frequency hyperentanglement totally
includes 6 different paths and 2 different frequencies. As
shown in Fig. 1(b), each path is labeled by a unique an-
gle θi (i = 1,2,3,4,5,6) on the xOy plane, and two gener-
ated frequencies ω1 and ω2 satisfy the energy conservation
ωP = ω1 +ω2.

Along the z-axis, the momentum is fully conserved which

means a perfect phase match

kP = kP,z = kS,z + kI,z = kS cosϕ + kI cosϕ, (1)

where the subscript z refers to the z component and ϕ is the
angle between the signal (or idler) photon’s momentum and
z-axis. The angle ϕ can be deduced after the frequencies of
pump, signal, and idler are chosen.

However, because of the difference between the frequen-
cies of signal and idler photons, momentum mismatch appears
in the xOy plane as follows:

∆k = |∆𝑘|= |𝑘S +𝑘I−𝑘P|

= ||𝑘S|sinϕ−|𝑘I|sinϕ|= |kS− kI|sinϕ. (2)

In our scheme, we set the wavelength of the pump beam
as λP = 775 nm (in vacuum, same below), and choose λS =

1530 nm, λI = 1570.5 nm, which belong to the communi-
cation band. Then we can calculate f1 = c/λI = 190.9 THz
and f2 = c/λS = 195.9 THz. The corresponding refractive
indices of pump light, signal light, and idler light are nP =

2.1707, nS = 2.2095, and nI = 2.2082, respectively. Accord-
ing to Eqs. (1) and (2), we can obtain ϕ = 0.186 rad and
∆k = 0.0443 µm−1.
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Fig. 1. (a) Our scheme of path–frequency hyperentanglement using a
designed two-dimensional NPC. The second order susceptibility χ(2) of
NPC is periodically modified in the xOy plane in order to compensate
the momentum mismatch perpendicular to the pump beam. Perfect phase
match is achieved along the z axis. (b) Spatial distribution cross section.
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Fig. 2. (a) Lattice structure of the χ(2) susceptibility design example of our NPC (i.e., u(𝑟)). (b) Convolution of lattice and circular motif (i.e.,
u(𝑟)⊗ s(𝑟)), indicating the distribution of χ(2) in the xOy plane with accurate structure parameters.
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The momentum mismatches of the six SPDC processes
have the same numerical value and each possesses a unique
direction. That is, the momentum mismatch vectors are evenly
distributed on one circumference

θi =
(i−1)π

3
, i ∈ {1,2,3,4,5,6}, (3)

where θ is the directed angles between the projection of the
signal’s (or idler’s) momentum on the xOy plane and the posi-
tive direction of the x-axis, and the subscript i refers to the ith
angle of the corresponding SPDC process.

The momentum mismatches can be perfectly compen-
sated through the periodic poling method.[36,37] By periodi-
cally modifying the susceptibility of NPC in real space, we can
obtain six peak values in its Fourier space (reciprocal space)
to perform QPM. The designed distribution of NPC’s χ(2) is
shown in Fig. 2.

The second order susceptibility χ(2) of our NPC can
be mathematically expressed as g(𝑟) = a(𝑟)× (u(𝑟)⊗ s(𝑟)),
where a(𝑟) denotes the area of the NPC, u(𝑟) is a sum of delta
functions referring to the lattice structure of NPC, and s(𝑟) is
the motif function.

Circular motif with a radius of 56.67 µm−1 is selected. In
the motif χ(2) = +1, while χ(2) = −1 in the rest area of the
NPC. We fix the relative radius of motif R/a = 0.2.

We then further check our design by viewing the NPC in
the Fourier domain, as shown in Fig. 3. The six arrows indicate
the six mismatch vectors of six SPDC processes. We conclude
that the QPM conditions are satisfied using the design.

Using the design example above, we are going to make a
brief discussion on the relationship between the direction and
frequency of the generated photons. We first fix the azimuth
angle of the emitted signal (idler) photons: θS = 0, θI = π , and
use the QPM conditions to calculate the relationship between

ϕm (m = S, I) and signal photon’s wavelength. The results are
shown in Fig. 4.
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Then we fix the angle ϕS = 0.186 rad to analyze the rela-
tionship between other direction angles and signal photon’s
wavelength. The other three angles are obtained using the
three-dimensional vector equation of phase match. The results
are shown in Fig. 5.

The analysis above indicates the path–frequency relation-
ship along two orthogonal directions. In fact, our scheme has
good scalability and can be easily extended to the case of sig-
nal light and idler light at different frequencies, while the cal-
culation and design processes are similar. The angle ϕ and
value of mismatch vector ∆k will be different. Therefore, it
is necessary to change the poling period of nonlinear photonic
crystals. At this point, the NPC’s lattice structure u(𝑟) needs
to be correspondingly reduced or amplified. If we want to ex-
pand the number of paths to more than six, we need to utilize
quasi-periodic poling nonlinear photonic crystals to compen-
sate for more wave vector mismatches and meet more quasi-
phase-matching conditions. However, at this point, due to its
Fourier transform domain having smaller peaks at the corre-
sponding mismatch than in the case of periodic poling, and
having peaks at other mismatches, the conversion efficiency
will decrease.

3. Theoretical model
We will derive the theoretical expression of the generated

path–frequency hyperentangled biphoton state. In the inter-
action picture, the evolution of the quantum state with time
satisfies the following equation:[38]

|ψ(t→+∞)〉 ≈ |ψ(t→−∞)〉

− i
h̄

∫ +∞

−∞

𝐻̂int(t)|ψ(t→−∞)〉dt, (4)

where |ψ(t → −∞)〉 = |0〉S|0〉I, and 𝐻̂int(t) represents the
nonlinear part of the three-wave mixing Hamiltonian quantity

𝐻̂int(t) = ε0

∫
d3𝑟 ∑

α,β ,γ

χ
(2)
α,β ,γ(𝑟)𝐸

+
P,γ(𝑟, t)

×𝐸̂−S,α(𝑟, t)𝐸̂
−
I,β (𝑟, t)+h.c., (5)

where h.c. denotes the Hermitian conjugate. Substituting
Eq. (5) into Eq. (4) and disregarding the contribution of vac-
uum, we can derive the two-photon state |ψ〉 as follows:

|ψ〉 ∝

∫ +∞

−∞

dt
∫

d3𝑟 ∑
α,β ,γ

χ
(2)
α,β ,γ(𝑟)𝐸

+
P,γ(𝑟, t)

×𝐸̂−S,α(𝑟, t)𝐸̂
−
I,β (𝑟, t)|0〉S|0〉I. (6)

We consider the input pump light as a classical electric
field

𝐸+
P,γ(𝑟, t) =

∫
dωPAP(ωP)𝐸P(𝑟,ωP)e−iωPt ,

𝐸P(𝑟,ωP) = 𝑒P(𝑟,ωP)e ikP(ωP)z−αP(ωP)z, (7)

where AP(ωP) denotes the spectral amplitude of the pump
light. The field operators of the signal and idler modes are

𝐸̂−m (𝑟, t) =
∫

Br1

dkm

√
h̄ωm(km)

2
e iωmt𝐸∗m(𝑟,km)â

†
m,km

,

𝐸m(𝑟,k) = 𝑒m(𝑟,k)
e i𝑘m·𝑟
√

2π
, (8)

where m = S, I denotes signal (S) and idler (I), respectively.
𝑒p, 𝑒s, and 𝑒I are electric field profile of the Bloch mode for
pump, signal and idler mode, respectively. Λ and L are the
poling period and length of our crystal, respectively. Notation∫

Br1
represents the integration of Bloch wave on the first Bril-

louin zone in the xOy plane. Substituting Eqs. (7) and (8) into
Eq. (6), we can obtain

|ψ〉 ∝

∫∫
Br1

dkS dkI
√

ωSωIAp
e i∆kzL−1

i∆kz

∫
d2𝑟⊥∑χ

(2)(x,y)

×e i∆𝑘⊥·𝑟⊥ePe∗Se∗I â†
S,kS

â†
I,kI
|0〉S|0〉I, (9)

where ∆kz = kP− kSz − kIz denotes the phase mismatch along
z-axis, ∆𝑘⊥ represents the phase mismatch on the two-
dimensional xOy plane, and the loss of pump light αP has been
neglected. Considering the six possible paths of two-photon
propagation, we can separate |ψ〉 into six parts

|ψ〉 ∝

∫∫
Br1

dkS dkI · · · â†
S,kS

â†
I,kI

≈
∫∫

∆k1=0
dkS,θ1 dkI,θ1+π · · · â†

S,θ1,kS
â†

I,θ1+π,kI

+
∫∫

∆k2=0
dkS,θ2 dkI,θ2+π · · · â†

S,θ2,kS
â†

I,θ2+π,kI

+ · · ·

+
∫∫

∆k6=0
dkS,θ6 dkI,θ6+π · · · â†

S,θ6,kS
â†

I,θ6+π,kI
. (10)

Moreover, we go from the k-space to the ω-space, with
the relation dk =

ng
c dω and âm,ω = âm,k

dk
dω

, then we can de-
rive

|ψ〉 ∝

∫∫
dωS dωI{A1(ωS,ωI)|S,θ1,ωS〉|I,θ1 +π,ωI〉

+A2(ωS,ωI)|S,θ2,ωS〉|I,θ2 +π,ωI〉

+A3(ωS,ωI)|S,θ3,ωS〉|I,θ3 +π,ωI〉

+A4(ωS,ωI)|S,θ1 +π,ωS〉|I,θ1,ωI〉

+A5(ωS,ωI)|S,θ2 +π,ωS〉|I,θ2,ωI〉

+A6(ωS,ωI)|S,θ3 +π,ωS〉|I,θ3,ωI〉}, (11)

where

A1(ωS,ωI) =
√

ωSωIAP
e i∆kzL−1

i∆kz

∫
d2𝑟⊥1 ∑χ

(2)(x,y)

×e i∆𝑘⊥1·𝑟⊥1ePe∗Se∗I
120307-4
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is JSA for the process where the signal photon propagates
along path θ1 and the idler photon propagates along path θ1 +

π , |S,θ1,ωS〉= â∗S,kS,θ1
|0〉S, and |I,θ1+π,ωI〉= â∗I,kI,θ1+π

|0〉I.
The phase mismatch on the xOy plane for this process is de-
noted as ∆𝑘⊥1. A2(ωS,ωI), . . . ,A6(ωS,ωI) can be obtained
similarly.

The photon flux can be estimated by[39–41]

Flux = 〈ψ|â†
SâS|ψ〉/Seff =

8π2d2
33ωSωILP

ε0(nSnPnI)2S2
effλ

2
P ω2

P
, (12)

where P is input pump power, and Seff is the spot area of the
pump light. We set P = 1 mW, Seff = 0.01 mm2 and L =

1 mm. The second-order nonlinear coefficient d33 = 25 pm/V.
ωP = 2.4303× 1015 rad/s, ωS = 2π f2 = 1.2309× 1015 rad/s
and ωI = 2π f1 = 1.1995× 1015 rad/s are angular frequen-
cies of pump light, signal light and idler light, respectively.
Then we find the photon flux of our source scheme to be
2.068×105 pairs·s−1·mm−2.

Equation (11) can be written in another form in order to
describe the generated biphoton state more explicitly

|ψ〉 ∝ (
3

∑
i=1
|θi,S,(θi +π)I〉)⊗ (|ω1,S,ω2,I〉+ |ω2,S,ω1,I〉). (13)

Equation (13) is the final expression of our path–frequency hy-
perentangled biphoton state.

4. Frequency correlations of two-photon pairs
We theoretically calculate the JSA of the generated pho-

ton pair, as shown in Fig. 6. Specifically, we set the full width
at half maxima (FWHM) of the input continuous pump light
to 0.1 nm. The frequency center of the simulated JSA is fP/2,
the bandwidth is 8 THz, and the momentum mismatch ∆k is
fixed at 0.0443 µm−1. We should note that the FWHM of the
pump light needs to be narrow enough to ensure high degree
of entanglement. In practice, the lattice structure parameters
of nonlinear photonic crystals require very precise fabrication,
as it directly affects ∆k that the crystal can provide, thereby
affecting the conversion efficiency of nonlinear processes.
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Fig. 6. JSA (A(ωS,ωI)) of the generated hyperentangled photon pair.

To investigate frequency entanglement property, we can
perform Schmidt decomposition on A(ωS,ωI), that is,[42]

A(ωS,ωI) = ∑
N
n=1
√

λnψn(ωS)φn(ωI), where λn is called
Schmidt coefficient, and ψn(ωS) and φn(ωI) are a set of stan-
dard orthogonal functions. λn, ψn(ωS) and φn(ωI) are solu-
tions of the following integral eigenvalue equations:[42]∫

K1(ω,ω ′)ψn(ω
′)dω

′ = λnψn(ω),∫
K2(ω,ω ′)φn(ω

′)dω
′ = λnφn(ω), (14)

with K1(ω,ω ′)≡
∫

A(ω,ω2)A∗(ω ′,ω2)dω2 and K2(ω,ω ′)≡∫
A(ω1,ω)A∗(ω1,ω

′)dω1.
The first 12 Schmidt coefficients, arranged from largest

to smallest, are shown in Fig. 7(a). Note that the latter coef-
ficients are close to 0 and their contributions to the degree of
entanglement are negligible. Because A(ωS,ωI) is symmetric
with respect to fP/2, Schmidt coefficients always appear in
pairs, that is, λ2k = λ2k+1(k ∈𝑍). Based on the eigenvalue λn

obtained from the Schmidt decomposition, we can calculate
the entropy S of entanglement and effective Schmidt rank K to
characterize the degree of frequency entanglement, which are
defined as

S =−
N

∑
n=1

λn log2 λn, (15)

K =
(∑N

n=1 λn)
2

∑
N
n=1 λ 2

n
, (16)

respectively. S > 0 and K > 1 both indicate the presence of
entanglement, and the larger value indicates the higher degree
of entanglement. The JSA is first normalized and then solved
to obtain the Schmidt coefficients in the Schmidt decomposi-
tion. The calculated effective Schmidt rank K = 6.4675 > 1,
and S finally converges to 3.2789, demonstrating strong fre-
quency correlation between the generated two photons around
two discrete frequencies f1 and f2. Figure 7(b) shows the first
30 iterations of S.
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Fig. 7. (a) The maximum 12 Schmidt coefficients. Schmidt coeffi-
cients appear in pairs because of the symmetry with respect to fP/2 of
A(ωS,ωI). (b) The first 30 iterations of entropy S of entanglement.

The first eight basis functions in the Schmidt decomposi-
tion are shown in Fig. 8, from which we can see the orthogo-
nality of each basis function. Because of the symmetry with
respect to fP/2 of A(ωS,ωI), ψn and φn are divided into two
groups, distributed around f1 and f2, respectively. It is worth
mentioning that ψn and φn have the same shape due to type-I
quasi-phase-matching conditions, which means that both sig-
nal and idler photons have the same ordinary field mode.
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Fig. 8. The first eight basis functions (a) and (b) ψn and (c) and (d) φn.

5. Conclusion
We propose a compact path–frequency hyperentangled

quantum light source based on type-I quasi-phase-matched
NPC. A two-dimensional periodical χ(2) NPC is designed
to realize quasi-phase-matching in the plane perpendicular to
the incident pump beam, including six different paths and
two different frequencies. We derive the theoretical expres-
sion for the generated two-photon state in detail and esti-
mate the photon flux of our source, which can reach 2.068×
105 pairs·s−1·mm−2. JSA has been calculated and the re-
sulting entropy S of entanglement and effective Schmidt rank
K are 3.2789 and 6.4675, respectively, indicating strong fre-
quency correlation between the generated two photons. As
NPC manufacturing technology continues to advance, the pos-
sibilities for our two-dimensional NPC scheme are expanding
into three dimensions.[34] This advancement opens up promis-
ing avenues for future applications in quantum holography,
quantum information processing, and long-distance quantum
communication.
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