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Abstract: Polarization ⁃ division multiplexing (PDM) with modulation in the nonlinear
frequency domain consisting of the discrete and / or continuous spectrum has been re⁃
cently regarded as a useful method to be utilized in optical fiber communication sys⁃
tem. It can compensate the optical fiber nonlinearity based on the nonlinear Fourier
transform (NFT). In this paper, we combine PDM with the method of nonlinear frequen⁃
cy division multiplexing (NFDM) and demonstrate the achievable transmission rate by
increasing the number of multiplexing nonlinear channels. For the selected subcarriers
(i.e. 32, 64, and 128), the transmission rates are 64 Gbit/s, 76.8 Gbit/s, and 109.7 Gbit/
s respectively by applying 64⁃quadrature amplitude modulation (64⁃QAM) on the non⁃
linear continuous spectrum. For the transmission distance shorter than 1 200 km, the
transmission rate of 128⁃NFDM PDM system can even reach up to 153.6 Gbit/s.
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1 Introduction

W

ith the development of modern information
technology, optical fiber communication plays
an increasingly important role in information
transmission. However, the presence of non⁃
linearity in optical fiber greatly hinders the improvement of
transmission capacity in optical fiber communication systems
[1]. When a single⁃channel transmission rate reaches 50 Gbit/s,
nonlinearity has become a major factor affecting system perfor⁃
mance [2].
In 1993, HASEGAWA and NYU [3] first used the nonlinear
Fourier transform (NFT) to transform the signal from the time
domain to the nonlinear frequency domain consisting of nonlin⁃
ear discrete spectrum and / or nonlinear continuous spectrum
for coding and multiplexing, which can overcome the communi⁃
cation constraints caused by optical fiber nonlinearity. The
method is now called eigenvalue communication because of
the invariance of eigenvalues. With the development of coher⁃
ent detection and digital signal processing (DSP) technology re⁃
cently, any complex signals can be generated and processed in
communication systems. Thus, the optical fiber nonlinearity
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compensation coherent optical communication system based
on the NFT algorithm has attracted more and more attention
[4], [5].
The nonlinearity compensation algorithm based on NFT has
the advantages of stable transmission and independent algo⁃
rithm complexity of transmission distance. It does not affect
the mixed use of various linear modulation methods [6], [7].
Taking into consideration overcoming the nonlinear effect, the
transmission speed of the systems can be further improved. In
2014, YOUSEFI and KSCHISCHANG carried out theoretical
modeling and numerical derivation of the NFT algorithm, and
put forward the feasibility of nonlinear frequency division mul⁃
tiplexing (NFDM) [8]-[10]. In 2017, GOOSSENS and YOUSE⁃
FI did the similar work in polarization ⁃ division multiplexing
(PDM) system and then applied it to PDM ⁃ NFDM simulation
system, achieving the data rate of 44.8 Gbit/s by 112 nonlinear
subcarriers and 64 ⁃ quadrature amplitude modulation (64 ⁃
QAM) format [11].
In this paper, the transmitted data are modulated only on the
nonlinear continuous spectrum through 64⁃QAM, i.e. there are
6 bits per symbol. We also combine the PDM with NFDM
(PDM ⁃ NFDM) and demonstrate the achievable transmission
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rate by increasing the number of multiplexing nonlinear chan⁃
nels [2] through simulation, followed by the analysis of the
transmission performance of different schemes. The simulation
results show the data rate is obviously increased and is more
than 100 Gbit / s by utilizing 128 subcarriers, with a Q ⁃ factor
about 8.19 dB at 960 km away.

2 Theory
2.1 Channel Model
The propagation of light in two polarizations in a standard
single mode fiber (SSMF) is described by the coupled nonlin⁃
ear Schrödinger equation (CNLSE) [11], [12]. Without consid⁃
ering the noise and polarization mode dispersion (PMD), the
model can be expressed as following [13]-[15]:
β 2 ∂2 Q ( τ, l )
∂Q ( τ, l )
α
8
= - Q ( τ, l ) - j
+ j γ Q ( τ, l )
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where Q ( τ, l ) is the 2×1 Jones vector containing the complex
envelops Q 1 ( τ, l ) and Q 2 ( τ, l ) of the signal components in
two polarizations, τ represents time, l represents the distance
along the optical fiber, α denotes the loss coefficient of the opti⁃
cal fiber, and β 2 and γ are constants denote fiber dispersion
and Kerr nonlinearity respectively.
The system (1) is obviously not integrable because of the fi⁃
ber loss term. Since the NFT is based on the integrability of
NLSE [8]-[10], measures should be taken to avoid the effect of
fiber attenuation. Here we use the Erbium Doped Fiber Ampli⁃
fier (EDFA) to compensate the fiber loss in transmission sys⁃
tem and adopt the idea of the lossless path ⁃ average (LPA) in
[16] to derive the following model without loss term [17], [18]:
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where G ( x ) = e2 ∫ g( l ) dl and g ( l ) = - .
2
For simplicity, it is useful to normalize (2). Let:
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where T FWHM which represents the full width at half maximum
of the pulse is a free parameter relating to the bitrate [19], [20].
Introducing the normalized variables:
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the normalized CNLSE is derived as follows [8]-[10]:
j
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(7)

Through the nonlinear Fourier transform, the difficulty of anal⁃
ysis can be simplified and the nonlinear effect can be compen⁃
sated.
2.2 PDM⁃NFDM Scheme
According to the theory of two⁃dimensional electrical signals
in [21], q ( t, z ) in (7) can be represented by a series of scatter⁃
ing coefficients or data (also called nonlinear spectrum). In
general, the nonlinear spectrum consists of nonlinear discrete
spectrum and nonlinear continuous spectrum. The process of
obtaining the corresponding nonlinear spectrum from a time do⁃
main signal is called NFT, and the inverse process is known as
inverse nonlinear Fourier transform (INFT). For a two ⁃ dimen⁃
sional signal, its nonlinear continuous spectrum is defined as
[21]-[23]:
qi ( λ ) =

bi ( λ )
, λ ∈ , i = 1, 2,
a( λ )

(8)

where a ( λ ), b 1 ( λ ), and b 2 ( λ ) are called the nonlinear Fourier
coefficients [24]. If necessary, the reader can refer to [11] for
calculation of these coefficients in detail. The evolution of the
nonlinear continuous spectrum along the optical fiber can be
expressed as [2], [17], [25]-[27]:
q i ( λ, z ) = q i ( λ, 0 )·e2jλ z , i = 1, 2.
2

(9)

It is observed that the effect of fiber dispersion and Kerr non⁃
linearity on the signal’s nonlinear spectrum can be regarded
as a simple phase rotation. The principle of eigenvalue commu⁃
nication is actually to use this property to compensate the fiber
nonlinearity and dispersion in the nonlinear frequency domain,
so is the PDM ⁃ NFDM transmission system. At the transmitter
of the transmission scheme, the bit information to be transmit⁃
ted is encoded on the nonlinear spectrum which can be dis⁃
crete spectrum and / or continuous spectrum [28] - [33]. Subse⁃
quently, a specific time domain signal can be calculated
through INFT and then be sent into the optical fiber. At the re⁃
ceiver, the received time domain signal is then processed by
NFT to obtain the corresponding nonlinear spectrum, q ( λ, z ),
when the transmission distance is z. According to (9), the ini⁃
tial nonlinear continuous spectrum q ( λ, 0 ) can be recovered
through a phase compensation and thus we can obtain the bit
information by decoding the recovered nonlinear spectrum. It
can be found that the complexity of the nonlinear compensa⁃
tion algorithm based on NFT in the coherent optical communi⁃
cation system is independent of the transmission distance and
does not affect the mixed use of various linear modulation
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schemes, so it can be utilized in NFDM, PDM and other trans⁃
mission systems.

3 Simulation

Fig. 1 shows the scheme of simulation system and data pro⁃
cessing process based on the theories above. Details about the
specific data processing can be found in the following sections.
3.1 Transmitter
This part mainly introduces the process of data processing
on the transmitter. For the generated transmitted bits, we first
start with a string ⁃ to ⁃ parallel transformation for data mapping
of 64⁃QAM format. In this way, each 6 bits of data will corre⁃
spond to a special amplitude and phase in total 64 cases. Next,
we modulate the transmitted information on the nonlinear con⁃
tinuous spectrum. For each polarization component, the spec⁃
trum is shown in the following formula [17], [25], [29].
U i ( λ,m ) = A∑k = - N C i,m,k
N
-1
2

sin ( λT p + kπ ) -2jmλT 1
e
, i = 1,2 . (10)
λT p + kπ

data duration taking into consideration the delay in the system
transmission. For the selected subcarriers (i. e. 32, 64, and
128), the corresponding T 1 are 6ns/T 0, 10ns/T 0, and 14ns/T 0 re⁃
spectively. Thus, when the baud rate is set to 0.5 Gbaud/s, the
transmission rates of the PDM ⁃ NFDM systems are 64 Gbit / s,
76.8 Gbit / s and 109.7 Gbit / s, respectively. According to the
theory in [11] and [34], U i ( λ, m ) obtained above is actually
within the area called U ⁃ domain, so we should subsequently
convert the data from U ⁃ domain to nonlinear Fourier domain.
The relationship between them is [34]:
qi ( λ ) =

| U ( λ ) |2
i
|

e|

- 1 ·e

j∠( U i ( λ ) )

, i = 1, 2.

(11)

After that, we can calculate the two ⁃ dimensional time domain
signal through INFT, inversely normalize the signal, carry out
the electro ⁃ optic conversion, and then send the corresponding
optical signal together with the protection interval to the opti⁃
cal fiber.

PBC

EDFA: Erbium Doped Fiber Amplifier
INFT: inverse nonlinear Fourier transform
IQ modulation: in⁃phase quadrature modulation

PBS

3.2 Optical Fiber
The standard single mode fiber is used here for simulation.
The dispersion and nonlinear coefficients of the fiber are calcu⁃
In the upper formula, λ is the nonlinear frequency, m is the da⁃
lated by the following formulas [19]-[20]:
ta block index, U i ( λ, m ) denotes the synthetic continuous
λ2
spectrum, A is the power control parameter, N represents the
(12)
D ,
β2 = number of multiplexed nonlinear channels, and C i, m, k is a com⁃
2πc λ
2πn 2 f ref
plex number drawn from the 64⁃QAM constellation diagram. In
γ=
,
(13)
addition, T p = 2ns/T 0 represents the useful data duration,
cA eff
where T 0 is the parameter given in (5) and T 1 denotes the total
where λ is the wavelength of the reference light, f ref is the refer⁃
ence frequency, D λ denotes the dispersion
coefficient in terms of wavelength, c is the
velocity of light in vacuum, n2 represents
I 1out
I 1in
×N
out
in
the nonlinear refractive index, and A eff re⁃
q 1 Coherent
q1
IQ
AM
in
out
Q
Q
fers
to the effective core area of the fiber
Modulation
Receiver
1
1
Rx
Tx
EDFA
out
DSP
DSP I in
in
out
I
for
nonlinearity
calculations. In our simu⁃
SSMF
q
q
2
IQ
Coherent 2
2
2
AM
Modulation
Receiver
in
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lation,
the
parameters
related to β 2 and γ
Q2
Q2
are set as: f ref = 193.1 THz, D λ = 16e-6 s /
m2, n 2 = 2.6e-20 m2 / W, and A eff = 80.0e-12
Tx DSP PDM-NFDM
Rx DSP PDM-NFDM
m2 and then useful parameters can be cal⁃
Data encoder
Guard intcrval rcmoving
culated through (12) and (13).
As mentioned in Section 2.1, the sys⁃
Bursts combination
Normalization
tem
(1) is obviously not integrable in the
U→q ( λ )
NFT
presence of fiber loss and thus NFT does
Phase compensation
INFT
not apply. For the sake of lossless trans⁃
q( λ ) → U
Unnormalization
mission model, we utilize EDFAs to equal⁃
ize
the fiber attenuation each 80 km and
Guard interval insertion
Data decoder
the fiber loss is set as 0.2 dB / km. The
length of total optical fiber could be in⁃
AM: amplitude modulation
NFT: nonlinear Fourier transform
creased by loop links.
DSP: digital signal processing
PBC: polarization beam combiner
2

PBS: polarization beam splitter
SSMF: standard single mode fiber

▲ Figure 1. PDM ⁃ NFDM transmission system with data processing process in the transmitter
and receiver.
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3.3 Receiver
At the receiver, we first demodulate the
received optical signal by a coherent de⁃
modulator and subsequently carry on the
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optic⁃electro conversion. By this way, we can get the time do⁃
main electrical signal of two polarization components. Before
we carry on the NFT to the two ⁃dimensional time domain sig⁃
nal, we first normalize it according to (5). For the method that
the evolution of nonlinear spectrum is just a simple phase rota⁃
tion as expressed in (9), we then compensate the effect of fiber
dispersion and Kerr nonlinearity by this way to obtain q ( λ, 0 ).
Later, we refer to (11) to recovery the data from nonlinear Fou⁃
rier domain to U⁃domain, i.e. the formula in (11) will be rewrit⁃
ten as:
Ui ( λ ) =

2

log ( 1 + | q i ( λ ) | . ej∠( qi( λ ) ) , i = 1, 2.

(14)

Due to the presence of phase noise and frequency offset, the
carrier recovery algorithm [35] is necessary. Then the transmis⁃
sion performance of the system can be analyzed by drawing the
64⁃QAM constellation diagram, decoding the symbols and cal⁃
culating the symbol error rate (SER) or Q⁃factor.

4 Results

In this paper, we first demonstrate the achievable transmis⁃
sion rate by increasing the number of multiplexing nonlinear
channels through simulation. For the subcarriers utilized (i. e.,
32, 64, and 128), the transmission rates are 64 Gbit / s, 76.8
Gbit/s and 109.7 Gbit/s respectively by 64⁃QAM on the nonlin⁃
ear continuous spectrum. We then show it is necessary to elimi⁃
nate the frequency offset and phase noise in the NFDM trans⁃
mission systems, especially when the number of multiplexing
channels is large. Finally, we mainly analyze the high ⁃ speed
transmission performance of system with 128 subcarriers, in
which case the transmission rate of the PDM ⁃ NFDM system
reaches 109.7 Gbit/s.
4.1 Reachable Transmission Rate
Table 1 shows some parameters we used in different PDM⁃
NFDM transmission systems. The achieved spectral efficiency
of each system and the corresponding SER with the launched
power around ⁃3 dBm (⁃3.22 dBm for the case of 32⁃subcarri⁃
ers, ⁃2.75 dBm for 64⁃subcarriers and ⁃3.07 dBm for 128⁃sub⁃
carriers) are also given in the table. It is worth noticing that the
launched power here is not the optimal power, which means
that each transmission system may be able to achieve a more
reliable transmission performance in other cases. In this sec⁃

tion, just phase noise and additive white Gaussian noise (AW⁃
GN) are taken into consideration and thus the optical signal to
noise ratio (OSNR) used here are all over 18 dB.
It can be inferred from Table 1 that the transmission rate of
optical fiber communication system increases significantly
with the increase of multiplexed nonlinear channels, but a
higher spectral efficiency is achieved in the PDM ⁃NFDM sys⁃
tem with 32 subcarriers than other cases, which is largely due
to the effect of optical fiber dispersion. It is well known that dif⁃
ferent frequency components of the optical signal transmitted
in the optical fiber will travel at different speeds, which inevita⁃
bly cause signal distortion after reaching a certain distance.
The signal distortion is shown as pulse broadening in the time
domain. The phenomenon is certain to get serious with the in⁃
crease of the number of multiplexing channels or signal band⁃
width and then a longer zero guard interval during the long dis⁃
tance transmission is required, thus decreasing the effective
transmission rate correspondingly. Therefore, the guard inter⁃
val used to reducing the inter⁃symbol interference is an impor⁃
tant influencing factor to the balance of transmission rate and
transmission distance.
4.2 The Effect of Frequency Offset
Carrier synchronization is a very important problem in tradi⁃
tional orthogonal frequency division multiplexing (OFDM) sys⁃
tems, as is the case with NFDM systems. The carrier frequency
offset caused by devices or nonlinear channels or other factors
can damage the orthogonality between the subcarriers, thus in⁃
troducing the subcarriers interference, as well as the rotation of
the signal constellation diagram. Unsurprisingly, these effects
will cause the decision error of a demodulation signal to a large
extent and thus the carrier frequency offset should be compen⁃
sated in the coherent NFDM systems. Here, the effect of fre⁃
quency offset as well as the influence of laser linewidth is giv⁃
en through the simulation results in both cases where the num⁃
ber of subcarriers is 32 and 128, just as shown in Fig. 2. It
should be noted that the launched power is approximately ⁃
3.07 dBm and the transmission distance is 960 km for all the
simulation systems in this section. At the same time, in order
to clearly observe the effect of frequency offset and phase noise
on transmission performance, the additive noise of the channel
is not considered in this section.
We simply set the laser linewidth in the simulation system

▼Table 1. The parameters used in different PDM⁃NFDM transmission systems
Channels

Baud rate
/Gbaud

Guard interval
/ns

Modulation format

Bandwidth
/GHz

Transmission rate
/(Gbit/s)

Spectral efficiency
/(bit/s/Hz)

Distance
/km

Q⁃factor

32

0.5

4

64⁃QAM

16

64

4

1 200

6.234

64

0.5

8

64⁃QAM

32

76.8

2.4

1 200

7.405

128

0.5

12

64⁃QAM

64

109.7

1.71

1 200

6.751

128

0.5

8

64⁃QAM

64

153.6

2.4

960

8.195
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▲Figure 2. The constellation diagram at the distance of 960 km for the
case of 32 subcarriers (left column) and 128 subcarriers (right column);
a) linewidth=0, w / o carrier recovery; b) linewidth=1 kHz, w / o carrier
recovery; c) linewidth=1 kHz, with carrier recovery.

to 0 when the effect of frequency offset is studied only. At the
receiver, we obtain the constellation diagram as Fig. 2a after
utilizing the theory of NFT for compensation of fiber dispersion
and Kerr nonlinearity. It can be inferred that the rotation of sig⁃
nal constellation diagrams here is due to the frequency offset
that is estimated to be about 0.25 GHz for the case of 32 sub⁃
carriers and 0.36 GHz for 128 subcarriers, which severely af⁃
fect the data decision. To be exact, the symbol error rate is cal⁃
culated as 0.5254 in 32⁃NFDM PDM system and 0.3721 in 128⁃
NFDM PDM system, neither of which can be served as an ef⁃
fective transmission of optical fiber communication system.
Furthermore, the influence of laser linewidth is increased, i.e.
the corresponding parameters in the simulation system are set
to 1 kHz, and the receiver results are finally obtained as shown
in Fig. 2b. As we can see from the diagrams, the additional
phase noise is introduced to the transmission systems because
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4.3 The Optimum Launched Power
In this part, we conduct the simulation of the relationship be⁃
tween Q ⁃ factor and the launched power by the PDM ⁃ NFDM
transmission system with 128 multiplexed channels. Fig. 3
shows the corresponding results with all the transmission dis⁃
tances at 1 200 km and OSNR over 18 dB.
As shown in Fig. 3, the Q⁃factor of this specific fiber nonlin⁃
ear compensation communication system based on NFT reach⁃
es the maximum close to 7 dB when the launched optical pow⁃
er is around ⁃1.75 dBm. That is to say, there is a choice of opti⁃
mum launched power for this 128 ⁃ NFDM PDM transmission
system to achieve its best compensation performance, which
can be utilized as a notice in engineering applications. In addi⁃
tion, we also give the comparison of the two received constella⁃
tion diagrams with the launched power of ⁃ 1.7563 dBm and
8
7
6
5
4
3
2
1

Q-factor/dB

Receiver:constellation

8
6
4
2
0
-2
-4
-6
-8
-10
-10 -8 -6 -4 -2 0 2 4 6 8
Re[qc]

Im[qc]

Receiver:constellation

Im[qc]

8
6
4
2
0
-2
-4
-6
-8

of the laser linewidth, which increases the SER to 0.5681 in
the case of 32 subcarriers and 0.5945 for 128 subcarriers, fur⁃
ther degrading the transmission performance of the system. For
the sake of effective transmission, we then adopt the carrier re⁃
covery algorithm [35] at the receiver after the compensation for
fiber nonlinearity based on NFT and successfully improve the
transmission performance (Fig. 2c). Under this situation, the
SERs are calculated as 1.01e⁃2 and 1.53e⁃5, respectively.
We can conclude from the figures that the PDM ⁃ NFDM
scheme based on NFT well compensates the negative effects of
fiber nonlinearity on the optical fiber communication by simul⁃
taneously solving the problem of unsynchronization at both
transmitters and receivers of the transmission systems. At the
same time, it is obvious that the 128⁃NFDM PDM transmission
system outperforms the 32 ⁃ NFDM PDM case in this section,
which is largely due to the launched power. In fact, different
optimum launched powers will be applied to different transmis⁃
sion systems. However, we carry on the above simulation cases
at the same launched power approximately ⁃3.07 dBm for sim⁃
plicity, which means that this value is not be in the best perfor⁃
mance range for 32 ⁃ NFDM PDM system while near the best
performance range for 128 ⁃ NFDM PDM system. As an exam⁃
ple, the optimal power for 128⁃NFDM PDM system is given in
the next section.

-5

-4

-3

-2

-1

0

1

2

Launched power/dBm

▲ Figure 3. Q ⁃ factor versus launched power with the case of 128
subcarriers.
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1.8092 dBm respectively for a more obvious display (Fig. 4).

5 Conclusions

We present the process of modulating the necessary trans⁃
mitted data on the nonlinear continuous spectrum through 64⁃
QAM format, transmitting them through the optical fiber com⁃
munication system and then compensating the effect of Kerr
nonlinearity at the receiver. We also combine the PDM with
NFDM technology to improve the transmission capacity and
demonstrate the achievable transmission rate by increasing the
number of multiplexing nonlinear channels through simulation.
Moreover, we analyze the transmission performance of the dif⁃
ferent schemes. As a result, for the selected subcarriers (i. e.,
32, 64, and 128), the transmission rates are 64 Gbit / s, 76.8
Gbit/s and 109.7 Gbit/s respectively. For the transmission dis⁃
tance shorter than 1 200 km, the transmission rate of 128 ⁃
NFDM PDM system can even reach up to 153.6 Gbit/s. In addi⁃
tion to the effects of fiber dispersion and nonlinearity which
can be compensated by the theory of NFT, carrier frequency
offset and phase noise can degrade the system performance se⁃
verely, especially when the number of multiplied nonlinear
channels is large. It is demonstrated that a better transmission
performance could be obtained for the PDM ⁃ NFDM transmis⁃
sion system by taking measures to compensate the frequency
offset and phase noise simultaneously.
Aside from the launched power, many other factors will also
have effects on the performance of this nonlinearity compensa⁃
tion system unavoidably, various noise included. In this paper,
we just carry on a research related to the AWGN and phase
noise, thus we still have a lot to do in the future to improve the
transmission performance of high⁃speed optical fiber communi⁃
cation with various noise taken into account.
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▲ Figure 4. Constellation diagram at the receiver a) with the launched
power at -1.7563 dBm; b) with the launched power at 1.8092 dBm.
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