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Lithium niobate (LN) microring resonators, characterized by an exceptionally high second-order non-
linear coefficient and superior electro-optic tunability, serve as an outstanding platform for the precise
control of integrated quantum frequency combs (QFCs). In this study, we introduce a bipartite entan-
glement criterion to investigate the pairwise entanglement characteristics of QFCs generated via the
spontaneous parametric down-conversion (SPDC) process in lithium niobate microring resonators operat-
ing below threshold. Furthermore, we propose a universal framework for analyzing multimode squeezing
in quadratic frequency combs, enabling the realization of ultrabroadband and high-degree multimode
squeezing. We further reveal the underlying physical mechanism: modulation instability (MI), regulated
by temporal walk-off control, not only enables the formation of frequency combs but also induces mul-
timode squeezing in the corresponding resonant modes. This study uncovers the previously unexplored
role of on-chip multimode squeezing in quadratic frequency combs while facilitating collective noise
suppression across multiple modes, thus holding substantial potential for advancing quantum precision
measurement and quantum information processing.
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I. INTRODUCTION

Squeezed optical states, as indispensable nonclassical
resources in quantum information science, enable noise
suppression beyond the standard quantum limit [1,2],
thereby facilitating advances in secure quantum commu-
nication and computation. The rapid progress in inte-
grated photonics is catalyzing a shift toward chip-scale
quantum optical systems [3], where microring resonators
have emerged as crucial platforms due to their strong
optical confinement and enhanced nonlinear interactions
[4]. Recent breakthroughs across diverse material plat-
forms have significantly advanced microring-based quan-
tum light sources. In silicon nitride (SiN) microrings,
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below-threshold spontaneous four-wave mixing has been
employed to generate quadrature squeezed vacuum states
and photon-number-difference squeezed states [5], as well
as to realize heralded single-photon sources [6] and scal-
able multiuser quantum networks [7]. Silicon carbide
(SiC) microrings utilize soliton microcomb dynamics to
achieve multimode entanglement [8], while high-purity
quantum sources have also been demonstrated in gal-
lium nitride [9], aluminum gallium arsenide [10], and
integrated nanophotonic platforms [11]. Complementing
these advances, quantum frequency comb control tech-
niques have evolved—from nonequilibrium driving of
strongly coupled photonic dimer systems [12] to parity-
time (PT) symmetric mode-selective pumping strategies
[13}—further underscoring the central role of quantum fre-
quency combs in emerging applications such as quantum
computing, communication, and precision metrology.

© 2026 American Physical Society


https://orcid.org/0000-0001-9017-4159
https://ror.org/0220qvk04
https://ror.org/02n96ep67
https://ror.org/04323m874
https://ror.org/037b1pp87
https://ror.org/05d2yfz11
https://ror.org/045yf3k41
https://crossmark.crossref.org/dialog/?doi=10.1103/z3nc-zq3y&domain=pdf&date_stamp=2026-02-03
http://dx.doi.org/10.1103/z3nc-zq3y

HAODONG XU et al.

PHYS. REV. APPLIED 285, 024006 (2026)

Lithium niobate (LN) offers distinct advantages over
materials primarily governed by third-order (}x©)
nonlinearities, such as SiN, owing to its strong second-
order (x ®) nonlinear response [14]. This intrinsic property
enables direct exploitation of x @ processes, particularly
SPDC, allowing for the efficient generation of entangled
photon pairs with a significantly lower pump threshold
than that required in SiN-based platforms [15,16]. In addi-
tion, LN facilitates quantum frequency conversion of sin-
gle photons between the telecom band and the visible
or midinfrared range [17,18], enabling spectral interfac-
ing across disparate quantum systems and meeting the
stringent compatibility requirements of multimode quan-
tum architectures. The heterogeneous integration of LN
thin films with silicon-based photonic circuits [19] fur-
ther paves the way for multifunctional quantum photonic
chips. Moreover, lithium niobate exhibits a pronounced
Pockels effect, enabling high-speed and low-loss electro-
optic modulation, which plays a vital role in optical
communication systems. Driven by these advantages, this
work focuses on the theoretical investigation of multimode
squeezing in quadratic frequency combs generated by LN
microring resonators.

In this study, we develop an integrated LN micror-
ing resonator platform that enables the generation of
QFCs through precise dispersion and coupling engineering
[20]. To elucidate the multimode squeezing mechanisms
of quadratic frequency combs, we categorize our anal-
ysis into below-threshold and above-threshold regimes.
Since below-threshold squeezing inherently occurs in a
pairwise fashion between modes with quantum corre-
lations in quadratures, it gives rise to bipartite entan-
glement. We therefore employ a bipartite entanglement
criterion to rigorously quantify the degree of entangle-
ment between each mode pair. Our results show that
under below-threshold conditions, increasing the pump
power enables a controllable and continuous redshift of
the squeezed frequency components. We further inves-
tigate the frequency-dependent squeezing characteristics
and reveal the interaction between the detection frequency
and the optimal readout phase [21].

Above the optical parametric oscillator (OPO) thresh-
old, the coupled-mode equations for the signal-idler pair
break down due to cascaded x® nonlinear process.
We therefore extend the model to a multimode for-
malism and derive quadratic coupled mean-field equa-
tions to describe the classical evolution of the optical
frequency comb (OFC). Pronounced temporal walkoff
in OPOs [22,23] induces an alternative MI band [24],
wherein parametric amplification of the subharmonic field
leads to enhanced pulse compression and synchronized
temporal drift [25]. As the classical mean-field frame-
work fails to capture the quantum correlations under-
lying threshold behavior [26], we employ a supermode
basis—quadrature-weighted combinations of frequency

modes [27]—to characterize multimode squeezing and
intermodal quantum correlations [28]. In contrast to syn-
chronously pumped OPOs (SPOPOs), where fluctuations
are externally driven [29], quantum noise in our quadratic
frequency comb arises intrinsically from x ® nonlinearity,
linking the below-threshold quantum state to the mean-
field solution.

During the detuning scan that culminates in soliton crys-
tal formation, we observe pronounced quadrature squeez-
ing, with ultrabroadband multimode correlations emerging
between the pump and subharmonic modes. This phe-
nomenon originates from the intricate interplay between
optical nonlinearity and dispersion, wherein minor pertur-
bations are exponentially amplified, yielding substantial
MI gain at selective frequencies. While MI underpins
the formation of optical frequency combs, it concurrently
drives extensive multimode squeezing across resonant
modes. In contrast to the multipartite entanglement anal-
ysis in Ref. [30], our work provides a unified character-
ization of quadrature squeezing and spectral correlations
across 800 x 2 modes that potentially contribute to the
underlying multimode dynamics. We emphasize that a
complete description must account for both pump and sub-
harmonic field modes, as neglecting interband coupling
can obscure critical squeezing phenomena. The general
framework we develop for analyzing multimode squeez-
ing in quadratic frequency combs is broadly applicable
and holds strong potential for emerging applications such
as high-throughput optical interconnects [31] and photonic
machine-learning accelerators [32].

II. MICRORING RESONATOR SIMULATION
MODEL

Lithium niobate, renowned for its superior x® non-
linearity, enables a high-frequency pump photon (£2,) to
spontaneously split into two lower-frequency photons—a
process known as SPDC. These resultant photons, desig-
nated as the signal (€2;) and idler (£2;) photons, form an
entangled pair. Notably, SPDC is exclusively initiated by
vacuum fluctuations and inherently adheres to both energy
conservation and phase-matching conditions.

In this study, we introduce an advanced on-chip
microcavity architecture grounded in OPO theory, which
ingeniously incorporates an enhanced coupling module
to facilitate highly efficient nonlinear interactions. As
depicted in Fig. 1(a), the microring resonator comprises
a ring waveguide coupled to a bus waveguide, with a z-
cut LN ridge waveguide serving as the nonlinear medium.
The waveguide is engineered with a silicon dioxide (SiO,)
lower cladding to suppress substrate leakage and enhance
vertical optical confinement, while an air upper cladding
is employed to further tailor the mode-field distribution.
The optical field circulates along the azimuthal direction
of the microring resonator, and the effective cross-sectional
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FIG. 1. (a) A three-dimensional rendering of the LN resonator
is provided, with R denoting the mean radius of the ring waveg-
uide. (b) Coupling region between ring and bus with the coor-
dinate system and refractive indices indicated. (c) Mode profile
and refractive index distribution of a LN microring resonator.

area (Aeg) of the ring waveguide [33], quantified by Eq.
(1), characterizes the extent of field localization within the
resonator; a reduced effective mode area signifies superior
confinement of the optical field.
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Here, F(y,z) delineates the modal distribution within the
LN and SiO, material system. In our theoretical frame-
work, this distribution is presumed invariant along the
longitudinal propagation direction within the resonator,
remaining independent of the evolution of the optical
field along the cavity. This assumption is instrumental in
facilitating the application of the separation of variables
technique for solving the coupled-mode equations.

The coupling region and the corresponding input-output
schematic are illustrated in Fig. 1(b). The geometry of
this region directly determines the coupling rate between
the ring resonator and the bus waveguide, enabling pre-
cise control and forming a solid foundation for rigor-
ous analysis of the resonator’s input-output characteris-
tics. Figure 1(c) shows the cross-sectional profile of the

ridge waveguide, with all relevant structural parameters
clearly annotated. In this work, we focus on the electro-
magnetic properties of the fundamental transverse electric
(TE) mode. The resonance profile of the cavity follows a
Lorentzian lineshape. Due to the frequency dependence of
the refractive index n(w), resonance peaks exhibit spectral
shifts as a function of optical frequency. Accurate control
over key cavity parameters—including detuning, disper-
sion, coupling strength, and loss rate—within the designed
platform requires a comprehensive and physically consis-
tent theoretical framework.

A. Detuning and dispersion

This section delves into the fundamental mechanisms of
detuning and dispersion. We introduce the relative mode
number / (I € Z) to index the modes adjacent to the half-
harmonic mode wy (corresponding to / = 0). By perform-
ing a Taylor expansion of the resonance mode frequency
around wg, we obtain

D N

2n

= D+ =P +...= §D-,2
w; = wy + Dyl + 5 + wo4—k_1 o 2

where Dy = 2m vy, with vy representing the free spectral
range (FSR). The parameter D, governs the group velocity
dispersion [34], where D, > 0 corresponds to anomalous
dispersion, while D, < 0 characterizes normal dispersion.
Under the simulation parameters employed in this study,
the influence of third- and higher-order dispersion on the
generation and evolution of quadratic frequency combs in
the lithium niobate resonator is significantly weaker than
that of second-order dispersion (D, ~ 3.5 x 10° rad/s,
while D3 &~ —9600 rad/s) and nonlinear effects. To stream-
line the theoretical model while retaining the core conclu-
sions and elucidating the essential physics, the effects of
higher-order dispersion terms (Dy, for k > 3) are neglected
in this analysis. The integrated dispersion is defined as

Dine = w1 — wog — D1, 3)

which can be accurately approximated by a quadratic
polynomial in the vicinity of wq [35].
The cold-cavity pump detuning is given by

Ay =w, — Q. (4)

Meanwhile, we set the detuning at the subharmonic
mode to A = wy — 2¢. Here, ©2; denote the comb fre-
quency corresponding to the mode number /, whereas wy
represents the cold-cavity intrinsic resonance frequency.
Owing to €2, = 2£29, we obtain

A= Quy—w, + Ay)/2. )
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B. Coupling, loss and gap

We analyze the fundamental relationship between cou-
pling rate (y), intrinsic loss rate (u), and resonator quality
factor (Q). Following the virtual channel framework in
Refs. [36,37], intrinsic losses are modeled as a phantom
channel with beam-splitter-like behavior, under the con-
straint y < vy, u < vy, where vy denotes the free spectral
range.

As illustrated in Fig. 1(b), the coupling and loss rates are
given by

y =6y =0 —aP)v, w=adlv, (6
where |#;|? and |f,|> are the energy reflection and trans-
mission coefficients, respectively, and L =27 R is the
resonator perimeter with R = (Di, + Dout)/4. Here, D,
and Dy, refer to the microring’s inner and outer diame-
ters, respectively. The absorption coefficient o, (in m~') is
approximated as

RD
 ~ Qo L ™
(O)

with Oy the intrinsic quality factor and w¢ the resonance
frequency.

To evaluate the effect of external coupling, we fix b, = 0
and vary the ring-bus gap. The ratio » = y /u defines the
coupling regime: undercoupled (» < 1), critically coupled
(r = 1), and overcoupled (» > 1). We focus on the over-
coupled regime, which enables enhanced power extraction
despite reduced intracavity field strength.

In LN resonators, the loaded quality factor governs field
buildup and energy confinement:

(0]
0=y, = . (8)

where 17, is the photon lifetime and I" the total linewidth.
The intrinsic and coupling rates are

wo r wo
Pt Yy = — M= 5
QO Qex

with Qe the external quality factor [38]. The total Q
satisfies

n= )

[
Q B QO Qex’

linking the coupling gap to Qe and thereby enabling
tunable external coupling.

(10)

C. Actual simulation

Our objective is to engineer a dispersion-flattened
waveguide by optimizing the structural parameters of
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FIG. 2. Curve of dispersion D, vs mode number /. The dia-
gram includes the regions of the signal and idle modes as well as
the location of the pump mode.

the LN-integrated microcavity, such as its geometry and
dimensions, to achieve phase matching in the SPDC
process. This condition is fulfilled when the following
equation holds:

Ak = wpn(wp) N a)sn(a)s) . a)ﬂ’l(a),‘)

=0. (11)

C C C

Here, Ak quantifies the phase mismatch. For our
designed microring resonator, at 1560 nm the first-order
dispersion is given by k| = dk/dw|,, = 7879.9 ps/m,
and the group-velocity dispersion is k] = dzk/da)2|w0 =
—0.0219 ps?’/m. Therefore, the FSR we have set
can be expressed as vy = 1/(k{L) =201.976 GHz. At
780nm, the corresponding values are k) = dk/dwlwp =
8085.6 ps/m, and k) = dzk/da)2|wp = 0.3624 ps?/m. We
employ COMSOL Multiphysics to simulate the complete
waveguide geometry and its integrated dispersion profile.
A fifth-order polynomial fit is then applied to closely match
the integrated dispersion Dy, as depicted in Fig. 2. Addi-
tionally, Lumerical FDTD simulations are conducted to
elucidate the relationship between the gap and the cou-
pling coefficient. Assuming an intrinsic quality factor of
Qo = 3.7 x 108, the intrinsic loss rate is computed as p =
3.27 x 10® rad/s. With a coupling ratio r = y /u = 1.222,
indicative of an overcoupled configuration, the external
quality factor is determined to be Qe = Qo/r = 3.03 x
10%. Based on the FDTD simulation outcomes, the gap is
calculated to be 490 nm.

Figure 1(c) illustrates the structure of an LN microring
resonator, featuring a radius of R = 100 pm, with both the
waveguide and bus widths set at Wr = Wz = 2000 nm.
The outer height is H = 600 nm, while the inner height
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is 7 =410 nm, and the design incorporates an angle of
6 = 75°. Simulation results for this configuration indicate
a pump mode frequency (w,) of 2.41406 x 10'° rad/s, a
fundamental mode (mode 0) frequency (wp) of 1.206 88 x
103 rad/s, and an effective area (4g) of 0.997 wm?.

III. MULTIMODE SQUEEZING

In this section, we systematically characterize the multi-
mode squeezing properties of the QFC in a LN resonator.
Below the OPO threshold, the system operates in the
QFC regime, where biphoton correlations give rise to
two-mode vacuum squeezing. This allows us to quanti-
tatively evaluate entanglement and squeezing in multiple
two-mode systems using the Duan entanglement crite-
rion. Above threshold, we focus on the classical field
structure of the frequency comb generated through mod-
ulation instability—termed the quadratic OFC. Notably,
the intrinsic quantum fluctuations in such a quadratic OFC
form a multimode squeezed state, thereby establishing its
fundamental identity as a QFC. The evolution of these
OFCs is described by coupled quadratic mean-field equa-
tions. We further employ supermode theory combined
with analytical Bloch-Messiah decomposition (ABMD) to
resolve their multimode squeezing structure. Moreover, we
demonstrate that modulation instability gain—driven by
group-velocity mismatch—plays a critical role in mediat-
ing multimode squeezing generation.

A. Bipartite entanglement criterion

The dynamics of the bipartite entangled system are
detailed in Appendix A. To rigorously quantify the entan-
glement between the signal and idler modes, we employ
the bipartite entanglement criterion from Ref. [39] to
evaluate the entanglement measure C;. The position (X;)
and momentum (J;) quadrature operators for each mode
are elegantly formulated in terms of the annihilation and

creation operators a; and &;:

0, e —if;
T —1a; e ).

(12)

. Lt o~ gy A L.
xj:—z(ajf e +a;e7), yj:—(laje

V2 V2

By adjusting the detection angles of the signal and idler
beams (6, 6;), we derive

 on sn o T o ont an oat)T
(82, 6%, 89, 55,) =P<8as,5as,6a[,8ai) S (13)

Introduce the sum and subtraction basis:

. | A
Xy = —= £X),

1
Ve = —=0s £, 14

and the fluctuation vector is formulated as

8Xe = (891,054, 89,8%_)" = G (88, 0%, 09, 89:) -
(15)

The spectral noise density matrix S, (w) is determined
as follows:

Si, (@) = (88201 (~w)
Tr : Sa(w) : TE + (Tr : Sa(a)) : TVT)T

where
—i e—iGy i ei(ﬂx —i e—iG,- i ei(?l-
1 e—i@; ei@g e—i@,‘ ei@,‘
L=G-P=c| 6 jes jeii _jel
o—ifs oifs  _e—ifi _git
The Duan criterion is expressed as follows [40]:
Cs = (AP4)* + (A%-)* = 0] = 0, (17)

where (AX_)? =S, (0)(4,4), (AP1)* = Sp, (@)(1, 1),
and O = cos(6; — 0;). If the Duan criterion is violated, i.e.,
Cs < 0, the bipartite modes are confirmed to be entangled.
A lower value of C; indicates a stronger degree of quantum
entanglement.

B. Frequency-dependent squeezing

Our platform inherently accommodates the entangle-
ment analysis of multiple bipartite mode pairs. However,
given the similarity of results across different modes, we
focus our analysis on the first mode (/ = 1) for concep-
tual clarity. Simulations are conducted at 20°C (room
temperature). Based on the thermal detuning expression
A7 = (Dl + (D2/2)%)(aty/ne + 1) T, and incorporating
the thermo-optic coefficient a,, (4.3 x 107K ~") and ther-
mal expansion coefficient o7 (1.5 x 107> K1) of LN [41],
calculations indicate that the contribution of thermal detun-
ing to the original detuning is negligible. Consequently, the
effects of thermal fluctuations have not been considered in
this work.

We computed the intracavity amplitudes of the pump
and signal modes as functions of the injected pump ampli-
tude using Mathematica [Figs. 3(a) and 3(b)], with the
pump detuning fixed at A, =3 x 10° rad/s. Below the
critical threshold, the signal mode remains unexcited,
and only a stable pump-only solution exists. Beyond this
threshold, nonzero signal amplitude emerges, while the
pump-only solution loses stability (spontaneously tran-
sitioning to an oscillating solution under perturbation),
thereby determining the threshold power Py,. Above the
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threshold, the intracavity pump power exhibits satura-
tion [42], whereas the signal power maintains quasilinear
growth. When a larger pump detuning (A, = 3.03 x 10!
rad/s) is applied, the system exhibits markedly different
dynamics—the subharmonic field then acquires a positive
detuning (A = 4.78 x 10® rad/s). Under this condition, the
signal power curve shows pronounced bending above the
threshold [Fig. 3(d)], accompanied by a grey-shaded bista-
bility region. Here, the system can switch between two
stable solutions—one above and one below the thresh-
old—manifesting as a hysteresis loop [43,44]. An addi-
tional unstable intermediate solution exists mathematically
but is physically unobservable due to its susceptibility to
perturbations.

Figure 4(a) plots Py, as a function of mode number /
under high detuning. At lower /, the threshold increases
with /, indicating that modes further detuned from w
are more readily excited—an inversion of the trend seen
under weak detuning. This stems from modified phase-
matching conditions, each dictating a distinct excitation
threshold. Leveraging LN’s high nonlinearity and superior
dispersion properties, its milliwatt-level threshold advan-
tage manifests not only in low power consumption but
also in enabling stable operation within the on-chip crit-
ical regime for peak entanglement generation. This facil-
itates the production of high-quality EPR pairs below
the oscillation threshold. Furthermore, this low-threshold
characteristic permits effortless crossing of the thresh-
old, thereby enabling simultaneous excitation of on-chip
optical frequency combs and multimode squeezed states.

We further implement a pump-tunable entanglement
scheme. As shown in Fig. 4(b), increasing the pump
amplitude induces a continuous redshift in the frequency
maximizing entanglement. At threshold, this frequency
approaches zero, accompanied by a substantial bandwidth
broadening. The optimal frequency lies in the few-GHz
domain, closely mirroring the multimode squeezing sce-
nario discussed below. This spectral tunability highlights

the potential for real-time optimization via pump power
modulation.

Simulations with fixed A, =3 x 10° rad/s and B, =
1.5 x 108 V/m, and varying coupling strength r, reveal
analogous behavior [Fig. 4(c)]: progressive redshift of
the optimal entanglement frequency, bandwidth broaden-
ing, and enhanced squeezing. This arises from overcou-
pling, which augments the SPDC gain and broadens the
phase-matching bandwidth. To capture spectral depen-
dence, we define the readout angle ¢ = 6; — 6,. As shown
in Fig. 4(d), the optimal readout angle varies monotoni-
cally with frequency, enabling its continuous adaptation.

This frequency-dependent squeezing is highly pertinent
for precision metrology, such as gravitational wave detec-

tion, offering a broadband, low-loss alternative to narrow-
band filtering cavities, and thus facilitating more efficient
quantum-enhanced measurements.

C. Quadratic coupled mean-field equation

To investigate the frequency comb dynamics domi-
nated by x® nonlinearity, we now derive the quadratic
coupled mean-field equations. Starting from the coupled-
mode equations for the signal and idler modes, we extend
them to a multimode framework while neglecting quan-
tum fluctuations. We first derive the total Hamiltonian of
the multimode system as follows:

H = Z ﬁwl,le&u + Z hwle)zIA)v
u v
1 A A
) Z hgo (czkct,,l)_;r + aZaLbj) 8[2 — Qe — 2],
kg

(18)
where g is the x ® nonlinear coefficient, assumed uniform
for all modes. This leads to the following coupled-mode

equation for an arbitrary mode u of the subharmonic field
and an arbitrary mode v of the pump field:

(19)

da, . . "

= i = Q) = Tlay +igo ) Begdl — 2 — 2,
kyj

dB,

dt

k,n

The range of u is defined as [—(N/2) + 1, N /2], while
the range of v is [—(V/2) + 960, (N /2) + 959]. This
choice ensures that the central mode number of the pump
field is 959. Here, N represents the total number of modes
considered for both the subharmonic and pump fields. The

= [—i(wy, — ) = T1Bu +1ig0 ) _ ctneid[Q0 — Qi — Q] + 2y B"8[Q, — ).

(

function 6[-] denotes the Dirac delta function, which takes
a value of 1 when its argument is zero and 0 otherwise.

We define a:{a_N/2+1,...,aN/2}T and B =

{ﬂ,N/er%o,...,,BN/2+959}T, allowing the system of 2N
equations to be rewritten as two equations. Due to
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the computational complexity of the summation terms,
we transform the frequency-domain convolution into a
time-domain summation by applying the inverse discrete
Fourier transform (IDFT) to the equations. We presume
a = IDFT[a],b = IDFT[B]. According to Ref. [24], the
nonlinear effect compensates for the spectral phase induced
by walkoff, allowing a LN resonator with significant
walkoff to still be modeled using the mean-field approx-
imation. Under this approximation, the evolution of the
subharmonic and pump fields can be described by two
coupled mean-field equations:

da (<iA - T) k[ Lvy 82a+_ .

— = (—1A — —1 — +1g0b

dt a4 2 g2 O

db db  K/Lv 3°b
— =(—iA, =T)b— AK Ly, — —i2L —
dt ( 120 ) Tar T T2 o

+igoa x a + /2y Bin,
(20)

where all parameters are consistent with those of the LN
microring resonator employed for QFC generation. Here,
t denotes the cavity’s evolution time, while the fast-time
variable t spans the interval [—(z,/2), (t3/2)], with 7
representing the round-trip time. The appearance of the
second-order partial derivative with respect to t results

A,=3x10°rad/s

from applying the IDFT to Djiy, while the first-order
derivative term in T arises from the walkoff effect, which
is induced by group velocity mismatch. We introduce the
entrywise product operator x, which denotes elementwise
multiplication between corresponding rows of column vec-
tors [45]. Clearly, Eq. (20) admits a trivial all-zero solution
for a, whereas b does not exhibit such a trivial solution,
corresponding to the subthreshold region in Figure 3. Both
trivial and nonzero solutions can exhibit MI gain, which
amplifies random fluctuations, leading to the exponential
growth of sidebands and ultimately forming a frequency
comb [46]. By solving the mean-field equation using the
split-step Fourier method, we can effectively simulate the
dynamical evolution of the comb teeth.

D. Modulation instability-induced frequency comb

In this subsection, we simulate the evolution of a
quadratic OFC. To assist readers in comprehending the
underlying mechanism, a schematic diagram illustrating
the formation of the quadratic OFC is presented in Fig. 5.
The pump mode initiates the generation of multiple sub-
harmonic modes via OPO processes. These subharmonic
modes subsequently regenerate pump components through
second-harmonic generation (SHG) and sum-frequency
generation (SFQG). Facilitated by cavity-enhanced cascaded

A,=3.03 x 10" rad/s

157(3') Unstable state 12} (©) Bistability
& & 10 d
£ £
; 10+ m Above the threshold 1 “Z 8 H Above the threshold
: M Below the threshold : 6m Below the threshold 1
& 5t W 4
2
0 ‘ ‘ ‘ 0 ‘ s i ‘ s s -
0 10 20 30 40 0O 5 10 156 20 25 30 35
B,, (x107 V/m) B, (x107 V/m)
(b) 0@
ol 25
N\E t “g 20
:> 4:DAbove the threshold :> . B Above the threshold
S | mBelow the threshold =/ H Below the threshold|
X X
ol = 10
% 2 ~
[ 5
) 0 :
0 10 20 30 40 0 5 10 15 20 25 30 35
B, (x107 V/m) B,, (x107 V/m)

FIG. 3.
unshaded areas: single stable solution). (a) Intracavity pump mode

Numerical solutions under different pump detunings (orange shaded areas: unstable state; grey shaded areas: bistability;
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(A, =3.03 x 10" rad/s).
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nonlinear interactions, this feedback loop drives the expo-
nential proliferation of frequency components, ultimately
resulting in the formation of a densely spaced, uniformly
distributed quadratic OFC [47]. We set N = 800, corre-
sponding to the consideration of subharmonic field modes
ranging from —399 to 400 and pump field modes span-
ning from 560 to 1359, yielding a total of 1600 modes.
Figure 6 presents the simulation outcomes at an evolu-
tion time of 700 ns, using a time step df = 0.1 ps to
ensure the robustness of the split-step Fourier method.
To initiate the optical parametric oscillation process, ran-
dom Gaussian white noise is seeded in each optical
mode, with an injected pump amplitude of Bj, = 1.9 x
10% V/m.

Figure 6(a) delineates the temporal evolution of the
aggregate power in both the subharmonic and pump fields.
Initially, the subharmonic field exhibits negligible power
due to the limited excitation of modes. As the evolution
time reaches the marked interval in the figure, optical para-
metric amplification becomes prominent, leading to the
excitation of a multitude of comb modes and a precipitous
increase in total power. Simultaneously, the temporal gain-
clipping mechanism is activated: due to group-velocity
mismatch, the signal pulse with the greatest temporal over-
lap with the pump pulse experiences the maximum gain,

resulting in pulse compression. As the pump becomes
depleted, gain saturation sets in, and the pulse centroid
undergoes a shift driven by nonlinear acceleration [25].
Once spectral broadening and compression, as well as gain
and loss, reach dynamic equilibrium—and temporal syn-
chronization between the pump and subharmonic fields is
established—the system ultimately settles into steady state.

Figures 6(c) and 6(d), respectively, exhibit the time-
domain pulse and the OFC for the subharmonic field,
while Figs. 6(e) and 6(f) illustrate the corresponding time-
domain pulse and OFC for the pump field. Under the
stipulated simulation conditions, the time-domain profile
reveals a biperiodic pulse arrangement, corresponding to
a spectral spacing of 2-FSR. It is noteworthy that, unlike
soliton crystals that maintain robust stability across broad
parameter ranges, modulation instability exhibits inherent
sensitivity to parameter variations in its dynamical char-
acteristics. This distinction underscores the need to clarify
that the frequency comb states characterized for quantum
squeezing in our work are exclusively based on stable
states evolved from MI processes, rather than transient
MI dynamics. The unique aspect of modulation instabil-
ity lies in its evolutionary pathway: although the formation
process demonstrates parameter sensitivity, the resulting
steady states—such as soliton crystals or other stabilized
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FIG. 5.

Schematic of the initial steps in forming a double OFC via second-order nonlinear processes. The top panel illustrates the

down-conversion OPO process, while the bottom panel depicts the up-conversion processes, including second harmonic generation
(SHG) and sum-frequency generation (SFG). These processes are represented by dashed lines, solid lines, and dotted lines, respectively.

quadratic OFC—can possess remarkable robustness once
established.

Figure 6(b) depicts the evolution of the subharmonic
field intensity |a(f,7)|> as a function of the slow evo-
Iution time ¢ and the fast time variable t. The image
reveals a series of evenly spaced, uniformly sloped “bright
stripes.” To dissect this phenomenon more profoundly, we
extracted three temporal cross sections, as shown in Fig.
6(g). Notably, as time progresses, the subharmonic and
pump field pulses exhibit a synchronized drift at a con-
stant velocity, a behavior consistent with the observations
reported in Ref. [24]. The drift is significantly slower than
the walkoff parameter Ak’ indicating that the linear spec-
tral phase induced by the walkoff effect is nonlinearly
compensated. Fundamentally, this compensation enables
group velocity locking between the subharmonic and pump
waves [48,49]. This drift phenomenon manifests exclu-
sively in the presence of walkoff and can be negated via a
suitable transformation to a moving reference frame [50].

Furthermore, we observed that increasing the injected
pump power leads to an augmentation in the number of
pulses per period. For instance, when By, = 3 x 10% V/m,
four pulses per period are observed; further increasing Bj,
to 4 x 10® V/m results in the emergence of eight pulses,

déa,
dr

A

dsb,
dt

as illustrated in Fig. 7. Our interpretation is twofold:
first, a higher pump power accelerates gain saturation,
thereby triggering competition among multiple pulses;
second, intense nonlinear phase shifts accumulate within
each pulse, inducing self-steepening in the time domain
and ultimately causing the pulse to fragment into mul-
tiple subpulses [51]. Moreover, although a single-pulse
state can be accessed by tuning the detuning parameter, it
merely corresponds to a saddle point—an unstable critical
state—whereas multisoliton states exhibit greater stability
due to their more uniform energy distribution. By sweep-
ing the detuning from —1 x 10'° rad/s to 2.6 x 10'° rad/s,
we obtain soliton crystal states, as illustrated in Figs. 7(d)
and 7(e). These states demonstrate excellent coherence and
robustness against perturbations. The corresponding fre-
quency combs are consistent with the nonlinear processes
depicted in Fig. 5, confirming the underlying formation
mechanism.

E. Supermode theory

To unveil the structural characteristics of the collective
quantum fluctuations in the quadratic OFC, we extend the
quantum fluctuation equations to a multimode framework,
yielding

= [—i(wy — Q) — T188, + /2y 84" + 2080 +ige Y (of8b; + B;84))8[Q — u — ],

kij

21

= [—i(wy — Q) — T18b, + 2y b} + V2u8bY™ +igo Y _ e[ — Qu — Q).

k,n
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To transform the system of N coupled equations into a
matrix form, we define the vectors:

= (8a_njp241, -+, Sanp),
ﬁ = (31)—]\1/2+960,
(

5 = (5A, 5B, sAT, sBNHT.

° 81;N/2+959) ) (22)

These vector representations enable us to express the quan-
tum fluctuation dynamics in a compact matrix form as
follows:

ds

dt —M 8 + Un 81n+ (Jloss 81055

(23)

where UM = /2y Eqy, U = /21uE4y. To simplify the
summation terms in the elements of the M, matrix, we
introduce the Fourier transform matrix Fy, defined as

Wl . WN—I
Fy=1/N : : . : ’
Wo Wi\ﬂl . W(Nfl')(Nfl)

where W is given by W = e 1?7/ By left-multiplying
Eq. (23) with Fyy and then subsequently left-multiplying
by Fy!, we can express M, as Eq. (24), where
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X4 igoNFy 'diag((Fye)*)Fy  igoNFy'diag(FxB)F 0Ey

M = igoNFy ' diag(Fya)Fy XB 0Ey 0En
‘7 | —igoNFy ' diag(Fy B*)F, 0Ey X —igoNFy diag(F}a)Fy

0Ey 0Ey —igoNFy ' diag(Fya*)Fy x5

24)

(

To calculate the noise variance spectrum of any local
oscillator, we define a supermode decay operator [26]:

NJ2 N/24959
Loy= > naw+ Y wb. (29
I=—NJ2+1 I=—N/2+960

Its Hermitian conjugate operator creates a superposi-
tion of photons between the longitudinal modes of the
frequency comb, where 1; = |1;| €/ defines the amplitude
and phase components of the supermode. After performing

the transformation as in Eq. (12), we can obtain the spectral
noise density matrix:

1 Ey  Eon
Sy = — ; . .
(@) V2 <_1E2N 1Eyy
i 1 (Exy  —iEx
M™ C— . . 26

It is worth noting that, for computational convenience,
the inherent cavity loss term has been excluded in Eq.
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(26). This simplification is justified, as cavity losses only
affect the extraction of the deformed supermodes, without
impacting their composition. By applying ABMD, we can
identify the maximum squeezing based on the given spec-
tral noise density matrix. Combining the methods outlined
in Refs. [52,53], we can implement the ABMD as follows:
S, () = U(w)D(w) V! (w). Further details can be found in
Appendix C.

In order to express the squeezing characteristics of
cavity-deformed supermodes, we define the correspond-
ing Hermitian quadrature operators as follows: L) (r) =

€ (Z*(r) n i(t)) 19w =i/2 (ﬁ(t) - Z(z)) . Thus,
the spectral noise of the quantum fluctuations can be
expressed using the Wiener-Khinchin theorem [52]:

Vi) = / (Lowd (DLG (1 + )" dr,
e 27)
V- (w) = / (L OLE) (¢ + 1))e 7 dr.

Here, V*(w) and V™ (w) represent the squeezing or
antisqueezing of the cavity-deformed supermodes in the
absence of intrinsic cavity loss. The composition of the
maximum squeezing cavity-deformed supermode corre-
sponding to U(w) can be derived from the columns of

U(w). When U(w) is a real matrix, the components of
the kth maximum squeezing cavity-deformed supermode
satisfy

14l = U@l + U@)iaval
pra = atan2 (U(w) 12w 6 Ul@)ik) » 28)
M1l =\ 1U@)rnal? + 1 U@)rsaal,

o1y = atan2 (U(w) 113w 6 U@) 14w ) -

We can now elucidate the collective quantum fluctuation
behavior in the context of cavity-deformed supermodes
and their squeezing dynamics.

F. Analysis of multimode squeezing

By combining the quadratic optical frequency comb
generated in Sec. IIID with the supermode formalism
developed in Sec. IIIE, we employ the ABMD to ana-
lyze the system’s multimode squeezing characteristics.
To elucidate the underlying physical mechanism respon-
sible for the emergence of multimode squeezing dur-
ing the evolution of the quadratic frequency comb, we
begin with the theoretical framework of MI gain. Specif-
ically, MI yields both a trivial gain associated with the
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FIG. 8. (a) MI gain of the nontrivial solution induced by temporal walkoff. (b) Distribution of morphing supermode coefficients dur-

ing the detuning sweep. (c) Spectra of quadratic frequency combs and the corresponding morphing supermode coefficient distributions
at different detuning values. (d) Morphing supermode coefficients at A = 6.2 x 10° rad/s, considering only the subharmonic or pump

field modes.
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zero solution—corresponding to the unexcited parametric
field—which is independent of group-velocity mismatch
and determined solely by dispersion and pump strength,
and a nontrivial MI gain driven by walkoff. The latter plays
a critical role in the formation of the frequency comb.
Details on MI theory and the gain of the trivial solu-
tion can be found in Appendix B. Figure 8(a) shows the
evolution of nontrivial MI gain as a function of cavity
detuning, which directly corresponds to the distribution of
the morphing supermode coefficients shown in Fig. 8(b),
satisfying the normalization condition ) , |n11> = 1. In this
process, periodic modes far from the critical frequency
become unstable, leading to their disappearance and the
emergence of new modes closer to the MI gain maximum.
As the peak MI gain frequency evolves with detuning A,
previously stable sidebands eventually become sufficiently
detuned from the critical frequency to become unstable,
giving rise to new modes that align more closely with the
evolving MI gain peak. This indicates that MI not only
drives the formation of the quadratic frequency comb but
also initiates the excitation of its corresponding squeezed
modes.

Figure 8(c) displays the spectral profiles and super-
mode decomposition coefficients for both the Turing pat-
tern and soliton crystal states. Here, Turing pattern is a
stable periodic spatiotemporal structure formed in nonlin-
ear optical microresonators through modulation instability,
where symmetry breaking of a continuous-wave back-
ground yields the primary frequency comb. In both cases,
strong multimode squeezing is observed, with squeezing
levels reaching 21.01 and 37.06 dB, respectively. The
supermode coefficients are predominantly concentrated
around the subharmonic field modes, corresponding to
their higher power occupancy. After the formation of the
soliton crystal, the maximum of the supermode decom-
position shifts to the central subharmonic mode, reflect-
ing enhanced localization of squeezing in that mode. To
underscore the collective nature of multimode squeez-
ing—where all modes within a spectral band must be
incorporated to avoid the loss of quantum correlations due
to interband coupling—we conduct a separate analysis of
the subharmonic and pump fields. As illustrated in Fig.
8(d), the morphing supermode coefficients of the pump
field are entirely concentrated in a single mode (/ = 971),
owing to minimal detuning and favorable phase-matching
conditions. Interestingly, the subharmonic field alone sus-
tains significant squeezing, in some cases even exceeding
the global squeezing level (see Fig. 13). In stark contrast,
the pump field exhibits negligible squeezing when con-
sidered in isolation, rendering the multimode squeezing
framework ineffective. This divergence stems from the fact
that, even without subsequent SHG or SFG, the initial OPO
process driven by the pump field can establish multimode
squeezing in the subharmonic field. However, neglect-
ing the modes involved in SHG and SFG disrupts the
quantum nonlinear couplings essential for sustaining mul-
timode entanglement. As a predominantly classical drive,
the pump field itself lacks the capacity to generate quantum
squeezing, and thus cannot form a coherent multimode
squeezed system on its own.

Figure 9(a) shows the evolution of multimode squeez-
ing at zero Fourier frequency throughout the full detuning
scan. Since the linearized fluctuation model is only valid
on a stable mean-field background, our analysis focuses
on the Turing pattern and soliton crystal regimes. In the
Turing region, the degree of squeezing exhibits persis-
tent oscillations, consistent with the periodic intracavity
power variations during detuning. In contrast, in the soliton
crystal regime, the squeezing level tracks the shift of the
most strongly squeezed frequency with detuning. For large
detuning, multimode squeezing vanishes entirely, indicat-
ing the breakdown of the soliton crystal structure. Using
the ABMD, we extract the spectral distribution of mul-
timode squeezing, as shown in Fig. 9(b). The spectrum
typically features two dominant peaks whose positions are
highly sensitive to detuning. As detuning increases, only a
single isolated squeezing peak remains near zero Fourier
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frequency. This behavior stands in stark contrast to pump-
power tuning, where the squeezing peak positions remain
nearly unchanged.

IV. DISCUSSION

Building upon this study, we further examine the per-
formance of LN quantum system in terms of experimental
feasibility, core advantages, and potential applications.
For experimental implementation, as indicated by Pj, =
hQ, B2, an amplitude of 10® V/m corresponds to an input
power of about 2.5 mW, while the typical pump ampli-
tude used here aligns with a pump power of around 10
mW. Such power levels lie within the standard output
range of continuous-wave lasers, ensuring practical fea-
sibility. Compared to conventional systems based on x
nonlinearity, the thin-film LN platform exploits its strong
intrinsic x ® nonlinearity and intense modal field confine-
ment to achieve highly efficient parametric conversion at
very low pump powers [54], highlighting its low-power
advantage and paving the way for integrated quantum light
sources.

The competitiveness of LN arises not only from its
strong nonlinear response, but also from the combina-
tion of a broad transparency window and low propagation
loss, making it an ideal platform for generating broadband
quadratic OFC that exhibit intrinsic multimode squeezing
[55]. Notably, its prominent electro-optic effect paves the
way for programmable quantum photonic chips [56]. By
enabling dynamic and precise tuning of the local refractive
index via an external electric field, this capability permits
reversible on-chip reconfiguration of squeezed states with
different mode numbers, thereby offering distinct recon-
figurability and bidirectional switching functionality for
quantum information processing.

In analyzing loss mechanisms, a clear distinction
between theoretical modeling and experimental conditions
is essential. In our simulations, intrinsic microresonator
losses are modeled via an annihilation channel, which
maps loss to the annihilation of quantum states, preserv-
ing physical accuracy and ensuring a rigorous link between
theory and reality. Experimentally, additional losses such
as facet coupling (approximately 1.4-2.2 dB) and homo-
dyne detection system losses (approximately 4.0-6.86 dB)
must be considered [57,58]. Importantly, even including
these, simulations confirm pronounced multimode squeez-
ing, supporting the robustness of the scheme under realistic
conditions.

Looking ahead, the bright broadband multimode
squeezed states generated in this system can directly serve
as ideal light sources for quantum-enhanced spectroscopy
[59,60], which significantly simplify the nonclassical light
preparation process. This integrated platform also supports
on-chip linear optical quantum computing, cluster state

preparation, and quantum simulation, forming a founda-
tion for multifunctional quantum chips [30]. Furthermore,
a monolithic system integrating squeezed light genera-
tion and quantum-enhanced phase measurement could be
developed. By increasing the squeezing level to improve
the signal-to-noise ratio, such a system would surpass
the standard quantum limit, opening new avenues in
quantum metrology for applications such as gravitational
wave detection. Most significantly, fault-tolerant quan-
tum computing—essential for scaling quantum computa-
tion—requires a squeezing threshold of 12.7 dB according
to theoretical studies [61]. Our simulations indicate that
this system can surpass this threshold, suggesting a promis-
ing route toward hardware implementation of fault-tolerant
quantum computing.

V. CONCLUSION

We demonstrate a lithium niobate microring platform
that leverages x® nonlinearity to generate entangled
QFCs with milliwatt-level thresholds. Through disper-
sion and coupling engineering, we achieve tunable fre-
quency dependent squeezing and quantify entanglement
across modes. Leveraging the quadratic coupled mean-
field equation, we conduct an in-depth exploration of the
evolutionary dynamics of multimode frequency combs.
A supermode analysis reveals ultra-broadband quadra-
ture squeezing, essential for scalable quantum networks
and parallel quantum processing. We further propose and
elucidate a physical mechanism wherein MI, beyond trig-
gering the emergence of quadratic frequency combs, also
drives multimode quadrature squeezing across the relevant
modes. This work establishes LN as a superior mate-
rial for integrated quantum photonics, bridging nonlinear
dynamics and quantum optics for chip-scale applications.
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APPENDIX A: BIPARTITE ENTANGLEMENT
DYNAMICS

This section delves into the quantum dynamics of the
resonator and presents a detailed analysis of two-mode
quadrature squeezing.

1. System Hamiltonian

The system Hamiltonian rigorously characterizes the
optical nonlinear dynamics in the quantum regime, with
the resonant modes described by the annihilation operators
as, a;, and b. Here, a, and a; correspond to the signal and
idler modes in the 1560 nm band, while b denotes the pump
mode in the 780-nm band.

The free Hamiltonian A, is given by

Hy=h (wsaj,as + il + w,,ifi;) . (A)

For SPDC, the nonlinear Hamiltonian is formulated as

Fiy = —higo (asaii)uajajz}) . (A2)
Here, gy represents the second-order nonlinear coeffi-
cient of LN and can be expressed as [62]

how,wiw
P L L
£0 0x 167TESE%Aeﬁ‘R

where x@ denotes the second-order nonlinear suscep-
tibility tensor of LN, €y, and €; represent the vacuum
permittivity and relative permittivity, respectively, Aeg 1S
the effective mode area, and R denotes the radius of the
microcavity. For simplicity, higher-order nonlinear effects
beyond second-order nonlinearity are neglected.

The total Hamiltonian can be expressed as

(A3)

H= ﬁo + I:INL- (A4)

2. Heisenberg-Langevin equations

The Heisenberg-Langevin equation [63] elegantly uni-
fies the Heisenberg equation of motion with Langevin
noise terms, providing a comprehensive description of the
dynamical evolution of an open quantum system influ-
enced by quantum fluctuations. This framework can be
succinctly formulated as follows, with the signal mode
serving as an illustrative example:

d&g 1 ~ A
— = —|a 7H + I/a
4 = pldsH]
V=—Ta,+ 2ya" + /2uas.

(AS)

Here, the considered modes are presumed to exhibit
analogous field distributions and are governed by a uni-
fied total loss rate I', which encapsulates the intrinsic

dissipation rate p and the coupling rate y, satisfying the
relation I' = y 4 u. The annihilation operators a™ and
a'°%s, respectively, represent the input and loss modes of the
resonator. Within this theoretical construct, the loss mode
is postulated to reside in the vacuum state, while the inci-
dent signal and idler modes are likewise assumed to be in
vacuum states. The expectation value of the input pump
mode is articulated as

(6"0) = By = (A6)

where Py, (Watt) is the pump laser power.

By invoking the rotating-wave approximation, wherein
a; e replaces & (j =s,i) and be ™' replaces b,
the Heisenberg-Langevin equations governing the dynam-
ical evolution of the pump, signal, and idler modes are
elegantly expressed as

db R B . A
E - (_iAp - F) b +igoasa; + \/27bm + mbloss,
da ) . - . A
% = (—iAy — T) &, 4 igoa b + /2y a™ + /2ud™,
da; R ‘

% = (—iAl’ - F) CAli + ig()&zb + \/Za;“ + 2M&:'OSS,

(AT)

where A and A; represent the cold cavity detunings cor-
responding to the signal and idler modes, respectively.
Since 2, = Q + ;, the phase terms in the rotating-wave
approximation mutually cancel, simplifying the equations.

3. Steady-state equations

We implement a linearization procedure by decompos-
ing each field operator a; into its steady-state mean value
«; and a fluctuation term 84;, expressed as a; = «; + 84,
(the pump mode is set as b= p +8b).

Under steady-state conditions, o; remains constant,
allowing us to impose 8a; = 0 and do;/dt = 0, thereby
deriving the steady-state Heisenberg-Langevin equations.
Within this framework, the input fields of the signal and
idler modes, along with the loss modes of the pump, sig-
nal, and idler, are all assumed to be in the vacuum state,
satisfying
(A8)

ain — a@n — aloss — a}oss — IBloss =0

N 1 N 1 °
Without loss of generality, we take the phase of the exter-
nal pump as the reference, yielding the following defini-
tions: o; = 4;€'%, B = Bel?, B = Bj,e%n. For simplicity,
we set 4, =A;=A and A; = A; = A. Utilizing these
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parameters, we obtain the following expressions:

{ o ey (A9)

2y BB = (A,B* = AA®)? + (TB? + T4%)2.

By solving Eq. (A9), we derive the steady-state relation-
ship among the input pump Bj,, B, and 4.

4. Quantum fluctuations

To rigorously examine the quantum properties of the
signal and idler modes, we derive the quantum fluctua-
tion equations from Eq. (A7). Given that the steady-state
solutions have been systematically determined, these fluc-
tuation equations are obtained by subtracting the steady-
state components from Eq. (A7). In this framework, the
pump field is treated as a classical parameter, thereby
neglecting fluctuations in the pump mode ((SZA) = 0), while
higher-order fluctuation terms are disregarded for analyti-
cal tractability.

We formulate the fluctuation vector for the signal and
idler modes as follows:

~

. . . . . T
aA:(aaseﬂ@s,aajelgs,aaieﬂ@f,sajel"f) . (A10)

where 0; represents the phase of the steady-state mean
value, expressed as o = A4; €. The time evolution of
the fluctuations 8a; is dictated by the following set of
linearized equations:

dsA .
— =M, -SA+ U} - 5A" +

Uioss . (SAIOSS
dr “ ’

(All)

where U = diag (v27,+/27, /27, /27), U = diag
(V214,721 +/214, /211 The matrix M, arises from the
linearization process, with its elements dictated by the
mean field amplitudes and detuning parameters. Below the
threshold (i.e., 4 = 0), M, can be expressed as

—iA, T 0 0 igo e
1 er
V- 0 A, — T igo iA, 0
‘ 0 igo {fiﬁ‘ —1A; — F 0
igo Yoo 0 0 iA—T
(A12)

The frequency-domain dynamics of these fluctuations
are obtained via a Fourier transform. Incorporating this
transformation with the resonator’s input-output relations,

a™ = —a™ + /2ya, provides a comprehensive character-

ization of the system’s response:

SA™ (o) =
= [UJ wE — M,)™' Uy —

—§AIM 4 UMSA
E] - SA™

+ Uzizn GwE _Ma)fl Uiloss . SAIOSS’ (A13)

where E is the identity matrix.
Thus, the output spectral noise density matrix is formu-
lated as

Su(w) = <3A°“t(w)aA°“t’T(—w)>

= [U" (iwE — M) U" —E]- M,

. [szn (-la)E _Ma)_l (Jiln —E]T+ U:'ln
x (iwE — My)™!
USRS M, - [US (HwE — M) ™ USSTT, (A14)

where the matrix

SO OO
SO O -
S oo O
S = OO

5. Two-mode quadrature squeezing

The Duan criterion [39,40] enables a precise quantita-
tive characterization of pairwise entanglement and quadra-
ture squeezing in the subthreshold regime. Figure 10(a)
illustrates the process of forming multiple pairs of entan-
gled states via spontaneous parametric down-conversion
(SPDC) below the oscillation threshold in a LN microring
resonator OPO. As shown in Fig. 10(b), when measuring
the idle frequency mode at a specific angle 6;, the signal
mode exhibits a squeezing effect in the —6; direction, with
statistical properties superior to the vacuum state, thereby
surpassing the standard quantum limit. In contrast, the sig-
nal mode demonstrates antisqueezing along the orthogonal
direction, 77 /2 — 6;. This phenomenon is further validated
in Fig. 11, where we observe that for a given 6;, the max-
imum value of positive entanglement (corresponding to
antisqueezing) occurs at 6y = /2 — 6; or 6, = 37 /2 — 6;.

APPENDIX B: MODULATION INSTABILITY GAIN

The dynamics of the OPO can be described by an
infinite-dimensional map of the field amplitudes, which,
as shown in Ref. [46,48], can be reduced to a single
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mean-field equation governing the subharmonic field a:

da(t,7) , k{Lvs 3%a
— (T —iA)a— aa
T L

V27 gB; )
4 iMEYEin 80 (awa) @ I(T)].
Vv

V
) r B

Here, we assume the phase-matching condition is satisfied
and ® denotes the convolution operation. The temporal
response function is given by /(t) = IDFT[/(£2)], where

l—ix—e™

1(Q) = , x=—AKLQ — %/az/mz. (B2)

x2

The frequency €2 denotes the offset angular frequency
relative to wy.

It is straightforward to verify that the mean-field
equation admits a time-independent constant solution of
the form ay(z,7) = |ag| e*. When |ay| = 0, this corre-
sponds to the trivial steady-state solution of the below-
threshold OPO. Substituting this ansatz into the mean-field

Thermal state

Optimally estimated .
quadrature Measurem§nt-lnduced
squeezed signal mode
54

n/Z—fi

Xs

-
-
-

Surpass SQL

(a) SPDC process in a resonant cavity and the formation of EPR entangled sidebands. (b) Quantum statistics of idle and

equation, we obtain the following condition:

—( +iA) e —

| Bin =0.

(B3)

210 2y
go ( ) aO|2 ezl(p +i Y &o
Vf V.

Solving the above equation yields the steady-state intensity
of the subharmonic field:

—Tv + 2y g}B2 — A

221(0)

lao|* = (B4)

To analyze the stability of the constant solution against
the growth of new frequency components, we perform
a modulation instability (MI) analysis. Specifically, we
consider the following ansatz for the subharmonic field:

a(ta T) =4ao + Al eiQT + A2 e—iQ‘[’ (BS)
where 4; and 4, represent small perturbations around the
steady-state amplitude ay. Substituting this ansatz into the
mean-field equation and retaining only the first-order terms

in 4; and 4,, we project onto the corresponding frequency
components. This yields the following set of linearized

024006-17



HAODONG XU et al.

PHYS. REV. APPLIED 285, 024006 (2026)

207 208 209 210 21.1
s

~A—
0,=0.6n &,
Antisqueezing (6, = 0.91) I 15

=087t

B

0.
NIy

20.7 208 209 0 211 207 208 20.9
f(GHz)

f(GHZ)

FIG. 11.

Antisqueezing (¢, = 0.3m),

Ant1squeezlng (0,=0.7m) -

I1.00

0.75
0.50
0.25

0.00
-0.25

NIy

Antisqueezing (6,=0.17)

207 20.8 209 21.0 211 207 208 209 210 21.1

21.0 211 20.7 208 209 210 211
/(GHz)

The relationship between the entanglement degree, 6, and observation frequency is shown, with a fixed measurement angle

6; for the idle modes (A, = 3 x 10° rad/s, Bi, = 1.5 x 10® V/m). The figure highlights the region of inverse squeezing corresponding

to 6;.

differential equations governing the evolution of the three
field amplitudes:

o = —(T +iA)ag — —|ao|2a01(0> +iY2 g°Bina3,
y [ . Lvr 2g§ 2%
A =— [T +ia - 22007 4 80427 (—@) | 4
| vr
- [Bgi0 - 1Y% in]A;,
LV vr
. i k(L
Ay = — | T +i(A— 2vf Q?) + &0 g° |a |21(sz)}
- [Bagio - 1272 m]AT.
LV vr

(B6)

The coupled evolution of the perturbations can be recast
into a compact matrix form as

(8)-» ()

(B7)

For the nontrivial steady-state solution, the eigenvalues
of the matrix M are given by

g2
Ay =— [r + —Olao|2t+(9)]
vr

KL 2 2
+ \/(r2 + A?) — [A - _12Vf Q2 — 1‘370|a0|2¢_(sz)] ,

(B8)

where the field amplitude |ay| is related to the input field
Bin via Eq. (B4), and 14 () = 1(Q) + I*(—).

The nontrivial constant solution loses stability when the
MI gain satisfies Re[A ;] > 0. Similarly, the trivial zero
solution demonstrates MI when the eigenvalues have a
positive real part.

2yg2 KL g
he=-T+ | Xop (A - IT”fszz> . (BY)
Vv

f

The instability of the trivial solution is evidently not gov-
erned by the detuning parameter but is instead induced by
group velocity dispersion. Figure 12 illustrates the MI gain
associated with the trivial solution.
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FIG. 12. MI gain of the trivial zero solution as a function of
mode number and detuning A.

APPENDIX C: ANALYTICAL BLOCH-MESSIAH
DECOMPOSITION

By integrating the methodologies proposed in Refs. [52,
53], the analytical Bloch-Messiah decomposition (ABMD)
of Sy (w) (the propagation matrix after similarity trans-
formation) can be carried out through a systematic ana-
Iytical procedure centered at w = 0, and extended across
the frequency domain. The process begins with the polar
decomposition of the zero-frequency transformation

S:(0) = PY, (C1)
where P is a real, symmetric, positive-definite symplectic
matrix, and Y is a real orthogonal matrix. This decomposi-
tion serves as the foundation for identifying the canonical

modes.
The matrix P is then partitioned into block form,

A B
v~ )

which allows the construction of a complex symmetric
matrix

(€2)

M=-(4-C+iB+B"). (C3)

N —

The Takagi (or Autonne) decomposition is then performed
on M, yielding
M = WAW', (C4)

where A is diagonal with non-negative entries and W is
a unitary matrix. This decomposition can be explicitly

computed via the singular value decomposition

M = OAQT, (C5)
followed by constructing the unitary matrix
W=0-+(0T0)*. (Co)

With W obtained, we build the orthogonal symplectic
matrix U as

U— (Re(W) —Im(W))’ ©7)

Im(W)  Re(W)

and defines the diagonal matrix E = A + vV AA + E, from
which the full diagonal scaling matrix

is constructed. The final component of the canonical form
is given by

y'=ury, (C8)

completing the decomposition S, (0) = U(0)D(0) V' (0) at
zero frequency.

To extend this decomposition perturbatively around
o = 0, the derivative of the symplectic transformation is
computed as

Sx(dw) — S8x(0)

$,(0) = lim 2SS (C9)
and used to define the auxiliary matrix
0(0) = U'(0)S,.(0)¥(0). (C10)

This matrix is then partitioned into four submatrices:

_ (91 O
00) = (Qz Q4) '

From these submatrices, the Hermitian and anti-Hermitian
generator matrices H and K are constructed. The elements

(C11)
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of H; and K; satisfies

(QD)jj (D);j +(Q1);(Dii

(1) = PRI, (i #)),
Q0 Dt QD) Sy
‘ K1)y = (D)jzj(g)ii (,Q ; (E#Jj)s C12)
Vi — (O1)j;
H)i— (KD = —F——,
(Hi = (KD 2(D);;
(K1)ii = 0.

To compute H, and K>, we solve the coupled equations:

(C13)

0, =HE™ — EKy,
O =-HE+E'K,

which yield the remaining components of the generator
matrices. Combining these, we construct

_ H, H, _ K K>
H_<—H2 Hl)’ K_<—K2 Kl)'

The variation of the diagonal matrix D with frequency is
determined from the diagonal elements of Q;, using the
expression

(C14)

/ 1 *
(D);;(0) = 3 (@i + QD] (C15)
which enables extrapolation of D(w) in the vicinity of
w=0.

To update the transformation matrices for nearby fre-
quencies, a perturbative Magnus expansion is applied. The
matrices U(w + dw) and V(w + dw) are approximated as

Ul ) ~ U H(w)dw
(0 +dw) (w)fi( o (Cl6)
Viw + Sw) ~ V(w) eK@do,
which allows the decomposition S, (@) = U(w)D(w) V' (w)
to be analytically propagated across the frequency domain
through iterative application of the differential steps.

Fourier frequency w (%10 rad/s)

40
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o
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Relationship between multimode squeezing and Fourier frequency for two, four, and eight pulses within a single cavity

According to the ABMD, optimal squeezed states can
be achieved by appropriately tailoring either the output
or input cavity modes. Figure 13 presents a spectral com-
parison between the multimode squeezing levels obtained
under different conditions and those derived by considering
only the subharmonic field. Remarkably, the multimode
squeezing achieved by considering solely the subharmonic
modes can be substantial—occasionally even surpassing
the squeezing obtained when all modes are included. This
counterintuitive result arises because incorporating addi-
tional, nonsqueezed modes may introduce greater squeez-
ing degradation.
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