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Abstract
The concepts of topological phases have been widely exploited in quantum optics in recent
years. Here we demonstrate a topological insulator implementing topological protection of
correlated biphoton states. A degenerate four-wave mixing (FWM) process of pseudospin states
propagating along the topological interface is numerically simulated. Strikingly, the signal and
idler photons generated from the FWM process are clarified to be entangled between two
degrees of freedom—the frequencies of photon pairs and their time of arrival. The topological
edge states of the pump, signal, and idler are robust against the sharp bends and defects,
revealing the topological protection of energy-time entangled biphoton states. These findings
could pave the way for unprecedented topological quantum devices.
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(Some figures may appear in colour only in the online journal)

1. Introduction

Topological insulators, promising platforms possessing insu-
lating bulk and topological edge states, have become a rap-
idly burgeoning field in condensed matter physics. Promptly,
photonic analogs of topological insulators have been manipu-
lated in different topological models including the quantum
Hall effect [1, 2], quantum spin Hall (QSH) effect [3–5],
quantum valley Hall (QVH) effect [6–8], and high-order topo-
logical systems [9–11]. Topological photonic systems [12]
emulating the QSH effect support topologically protected
pseudospin states at the interface between photonic crystals
with different topological phases. Topological edge states pro-
tected by the crystal symmetry show prominent topological
properties, including robustness against sharp bends and struc-
tural imperfections.

∗
Authors to whom any correspondence should be addressed.

Most recently, the concepts of topological phases were
exploited in nonlinear and quantum optics. Comprehensive
approaches to the advances revealing topologically protected
second- or third-harmonic generation were implemented in
topological metasurfaces [13], second-order topological insu-
lators [14, 15], and silicon nanoparticles [16]. Moreover, a
graphene metasurface governing topological edge plasmons
with nonlinear spontaneous four-wave mixing (FWM) process
has been demonstrated theoretically [17]. At the same time, the
exploitation of topological protection in quantum systems has
led to an affecting field, which refers to topological quantum
optics. Thus the generation and protection of quantum states
have been closely tied to topological photonics, such as topo-
logical single quantum emitters [18], topological quantum
sources [19, 20], topological biphoton quantum states [21, 22],
topological quantum walks of correlated photons [23, 24],
topologically protected path-entangled states [25] and topo-
logical protection of quantum coherence [26, 27]. These
approaches of topological quantum optics show that the topo-
logy nature can bring robustness to quantum systems.
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We have shown that topologically protected continuous fre-
quency entangled biphoton states can be manipulated in a
QVH system [28]. Here we propose topologically protected
energy-time entangled biphoton states in topological photonic
crystals emulating the QSH effect. In particular, we study
the dispersion relation of photonic crystals and manipulate a
degenerate FWM process. The quantum correlation between
signal and idler photons generated from the FWM process
is clarified. We theoretically proved that the biphoton state
is energy-time entangled. The result manifests that the topo-
logical edge states of biphotons are robust against the sharp
bends and defects, confirming the topological protection of
entangled biphoton states. From an underlying perspective,
our proposal provides a platform for bringing the concepts of
topological photonics to the realm of quantum systems.

2. Topological photonic crystals

Topological photonic systems provide a practical way for
exhibiting topological protection of correlated photon pairs
generated from the nonlinear spontaneous FWM process. For
a degenerate FWM process, two pump photons with the fre-
quency ωp are annihilated, and a pair of photons, refer as
the signal (ωs) and idler (ωi), are generated simultaneously.
The relations between four photons of the FWM process
are described by energy and momentum conservation condi-
tions, 2ℏωp = ℏωs+ ℏωi and 2kp = ks+ ki, where kp, ks and
ki represent the wavevectors of the pump, signal, and idler
respectively. Here we study topologically protected entangled
biphoton states in silicon-based topological photonic crystals.
As shown in figure 1(a), the photonic crystal structure is com-
posed of deformed honeycomb lattices possessing C6 sym-
metry. With the excitation of the pump, a nonlinear spon-
taneous FWM process occurs at the interface between trivial
and nontrivial photonic crystals. In particular, the correlated
signal and idler photons generated by the FWM process are
entangled, giving evidence of the quantum nature of the topo-
logical system. Since the frequencies of the pump, signal, and
idler are localized inside the operation bandwidth of topolo-
gical edge states, the entangled signal and idler photons are
topologically protected due to the topological nature of the
QSH effect.

The 2D close-up image of topological photonic crystals
exciting the QSH effect is illustrated in figure 1(b), where R
is a radius of the hexagon cluster, r is a radius of each sil-
icon rod, a is regarded as the lattice constant. For an unper-
turbed honeycomb lattice (R= a/3), there appears a fourfold
degenerate Dirac cone at the K and K′ points in the first Bril-
louin zone due to the six-fold rotational symmetry of the unit
cell [12, 29]. When an unperturbed honeycomb lattice is con-
centrically compressed to R= 0.9a/3 without the breaking of
C6 crystal symmetry, a topological trivial band gap emerges
in the vicinity of the Γ point as shown in figure 1(c). Sim-
ilarly, when an unperturbed honeycomb lattice is concent-
rically expanded to R= 1.1a/3 without the breaking of C6

crystal symmetry, the band structure is topological nontrivial
[12]. The band structure of expanded unit cells is plotted in

figure 1(d), the photonic bandgap reopens in the vicinity of
the Γ point.

One must take into account that with the transformation
from the trivial band structure to the nontrivial case, the bands
of dipolar modes (px/py) and quadrupolar modes (dx2−y2/dxy)
are reversed, referring to band inversion. Moreover, the spin
Chern numbers of trivial and nontrivial photonic crystals are
identified as Cs = 0 and Cs =±1 respectively [12]. As is well
known, the topologically protected edge states exist at the
interface between trivial and nontrivial photonic crystals.

3. Nonlinear FWM process of pseudospin states

The band inversion of eigenmodes provides a prerequisite for
the QSH effect, which gives rise to topological edge states.
In order to study the underlying properties of topological
edge states, we calculate the dispersion relation of topological
photonic crystals composed of trivial and nontrivial regions.
As shown in figure 2(a), the result reveals that a pair of edge
states exist within the topological bandgap. As a result of the
QSH effect, the two edge states have opposite chirality, which
refers to pseudospin-up (σ+) states and pseudospin-down
(σ−) states [30, 31]. Specifically, different pseudospins lock
to counter-propagating edge states at the topological inter-
face. Interestingly, the dispersion slopes of topological edge
states are almost linear, leading to an expedient for design-
ing the FWM process. The edge modes within the topological
bandgap are topologically protected by crystal symmetry. A
remarkable feature of topology protection is the robustness
against disorder and defects [12, 31].

To manipulate topologically protected FWM processes, the
frequencies of the pump, signal, and idler should be local-
ized inside the topological bandgap. To implement the non-
linear FWM process in topological photonic crystals, the
phase-matching condition should be taken carefully. The
energy matching condition (2ℏωp = ℏωs+ ℏωi) is conserved
for the FWM process. Thus, the momentum matching con-
dition has become a crucial element for the generation of
FWM processes. It is demonstrated that the conversion effi-
ciency of pump photons is largest with the conservation
of the momentum matching condition (2kp = ks+ ki). To
this end, we calculate the wavevector mismatch ∆k= 2kp−
ks− ki according to the dispersion relation of pseudospin
states as illustrated in figure 2(b). Here the frequencies of
the FWM process are considered as υp = 193.3 THz, υs =
193.6 THz, and υi = 193.0 THz respectively. According
to the map, the wavevector mismatch of this FWM pro-
cess is ∆k= 6.20× 10−7. As common wisdom of nonlinear
optics, more FWM processes emerge with the small value of
wavevector mismatch.

To get insight into the topological behaviors of the FWM
process, we numerically simulate the electric field distribution
of the FWM process in proposed photonic crystals. Figure 3
shows the simulation of this nonlinear process at a trapezoidal
interface between trivial and nontrivial regions. A left-handed
circularly polarized source is applied to excite pseudospin
down (σ−) states at the frequencies of the pump and signal,
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Figure 1. A scheme of the topological photonic system. (a) Schematic of silicon-based photonic crystals exhibiting topological protection
of entangled photon pairs, the inset shows a process of degenerate FWM, where two pump photons are annihilated and the signal and idler
are generated simultaneously. (b) 2D close-up image of topological photonic crystals exciting QSH effect, with the lattice constant
a= 785 nm, the radius of each silicon rod r= 0.11a. (c) Calculated band structure of trivial photonic crystals (R= 0.9a/3). (d) Calculated
band structure of nontrivial photonic crystals (R= 1.1a/3).

Figure 2. (a) Dispersion relation of topological photonic crystals composed of trivial and nontrivial regions, where σ+ and σ− denote
pseudospin-up and pseudospin-down states. The frequencies of the FWM process are υp = 193.3 THz, υs = 193.6 THz and
υi = 193.0 THz respectively. (b) Map of the calculated wavevector mismatch∆k of topological photonic crystals.

however, there is no input for the idler. By considering the
third-order nonlinear susceptibility tensor χ(3) of silicon, the
FWM process is implemented by the coupling of electromag-
netic models of the pump, signal, and idler.

As depicted in figures 3(a) and (b), the electric fields of
topological edge states at the frequencies of the pump (υp)
and signal (υs) are confined around the topological interface.
It is worth mentioning that topological edge states lock to the

3



J. Phys. D: Appl. Phys. 55 (2022) 315104 Z Jiang et al

Figure 3. Topologically protected FWM process in proposed photonic crystals. Field profiles of the topological edge states at the
frequencies of (a) the pump (υp = 193.3 THz), (b) signal (υs = 193.6 THz), and (c) idler (υi = 193.0 THz) respectively.

pseudospins of the excitation [12], where the pseudospin up
locks to backward propagation and the pseudospin down locks
to forward propagation. Besides, the propagating direction of
topological edge states is also dependent on the position of the
excitation [32]. As expected, the one-way propagating edge
states can transport through sharp bends without visible back-
reflection, showing robustness against defects. In addition, two
probes are placed around the input and output ports to monitor
the energy distributions of edge states. It can be observed that
the normalized transmissions of edge states at the frequencies
of the pump (υp) and signal (υs) are nearly unit even part of
them are transferred to the idler, which gives clear evidence of
the robustness of topological edge states.

As shown in figure 3(c), the edge state at the idler fre-
quency is excited at the topological interface due to the non-
linear FWM process. The edge state of the idler also shows
robustness against sharp bends. This provides important val-
idation for the topological nature of the FWM process and
further underscores the topological protection of correlated
photon pairs generated from the FWM process. Moreover,
the normalized transmission implies that the field profile of
the idler is amplified along the interface. Notably, we note
that the propagating direction of the edge state at the idler
frequency is not unidirectional. While the edge states of the
pump and signal are excited unidirectionally, for the edge state
of the idler, indeed, both pseudospin up and down states are
generated. To analyze this, part of the left-handed circularly
polarized source is conversed into the right-handed circularly
polarization, which refers to circular polarization conversion
[13]. The left-handed and right-handed circular polarization
leads to forward and backward propagation respectively. One
can emphasize that the edge states of the pump, signal, and
idler are topologically protected due to the overlap between
the topological bandgap and frequencies of FWM interactions.
Last but not least, this behavior provides a practical imple-
mentation of topological protection of entangled photon pairs
generated from the nonlinear FWM interaction.

4. Topological protection of energy-time
entanglement

The signal and idler produced via the nonlinear FWM process
may lead to entangled states. The continuous frequency entan-
glement between photon pairs generated via the FWM process
in a QVH system has been clarified [28]. Such continuous

frequency entanglement describes the frequency correlation
between signal and idler photons, revealing that the joint spec-
tral amplitude (JSA) A(ωs,ωi) cannot be factorized into the
function of ωs and ωi. Here we discuss the energy-time entan-
glement between signal and idler photons in a QSH sys-
tem. Energy-time entanglement is a crucial quantum phe-
nomenon that reveals the correlations between two degrees
of freedom—the frequencies of biphotons and their time of
arrival. To implement the energy-time entanglement between
photon pairs, uncertainty relations [33] must be violated. Gen-
erally, two energy-time entangled photons should satisfy the
inequality [34]

∆(ωs+ωi)∆(ts− ti)< 1, (1)

where ωs and ωi are the frequencies of the signal and idler
photons, ts and ti are the arrival time,∆(ωs+ωi) is the stand-
ard deviation of the joint spectrum intensity and∆(ts− ti) the
standard deviation of the joint temporal intensity.

To theoretically evaluate the entanglement between sig-
nal and idler photons generated from the FWM process,
spectral and temporal measurements should be employed. A
pure energy-time biphoton state via the FWM process can
written as

|Ψ⟩ =
¨

dωsdωiA(ωs,ωi)â
†
ωs
â†ωi

|0⟩, (2)

where A(ωs,ωi) is the JSA. Taking into consideration of the
phase-matching condition of the nonlinear FWM process
in topological photonic systems, the JSA is approximately
modeled by [35]

A(ωs,ωi) = α

(
ωs+ωi

2

)
Φ(ωs,ωi) , (3)

with the spectrum envelope of the pump takes a form of
α
(
ωs+ωi

2

)
= δ(ωs+ωi− 2ωp). And the joint phase-matching

spectrum is given by Φ(ωs,ωi) = sinc
(
∆kL
2

)
, where the

wavevector mismatch is ∆k= 2kp− ks− ki and L is the
propagating length of topological edge states.

The JSA describing the spectral correlations between signal
and idler photons generated from the FWM process in topo-
logical photonic crystals is depicted in figure 4(a). The res-
ult shows strong anticorrelation in the joint spectral intensity.
Whereas the joint temporal amplitude (JTA) can be derived by
the Fourier transform of JSA [36]
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Figure 4. (a) JSA and (b) JTA distributions of biphoton states produced via the FWM process in topological photonic crystals.

Ã(ts, ti) =
¨

dωSdωiA(ωs,ωi)e
iωstseiωiti , (4)

where the JTA characterizes the temporal correlation between
signal and idler photons generated from the FWM process
in topological photonic crystals, as shown in figure 4(b).
The JTA shows strong positive correlations in joint temporal
intensity.

To certify the presence of entanglement [36], we calcu-
late the standard deviation of the joint spectrum intensity
∆(ωs+ωi) and joint temporal intensity∆(ts− ti). According
to the JSA and JTA, we decompose the spectral and temporal
correlations into the analysis space of ωs+ωi and ts− ti. For
the biphoton states produced via the FWM process in topo-
logical photonic crystals, we calculate the standard deviation
as ∆(ωs+ωi) = 3.74 × 109 Hz and ∆(ts− ti) = 4.09×
10−11s respectively. Therefore, the joint uncertainty product
of the biphoton state is calculated as ∆(ωs+ωi)∆(ts− ti) =
0.1529, which satisfies the inequality of equation (1) clari-
fying the energy-time entanglement. One remarkable conclu-
sion of the theoretical deduction is that topologically protected
biphoton states produced via the FWM process are energy-
time entangled.

5. Conclusion

In this work, we have demonstrated a topological insulator that
implements topological protection of energy-time entangled
biphoton states. A degenerate FWM process in proposed topo-
logical photonic crystals is numerically simulated. In particu-
lar, with the overlap between the topological bandgap and fre-
quencies of the FWM process, the topological edge states of
the pump, signal, and idler are robust against sharp bends and
structure imperfections, confirming the topological protection
of the system. Moreover, we theoretically calculate the JSA
and JTA of biphoton states produced via the FWM process.
And the energy-time entanglement between signal and idler
photons generated from the FWM process is certified. The
topological protection of entangled states gives rise to novel
on-chip nanophotonic quantum devices.
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Appendix A. Numerical simulation

Finite-element method solver COMSOL Multiphysics is
applied to simulate the degenerate FWM process in topolo-
gical photonic crystals. To perform the nonlinear elements
in proposed photonic crystals, the third-order susceptibility
tensor of silicon [37] is considered as a constant scalar value
of χ(3) = 2.45× 10−19 m2 V−2, with the refractive index of
nSi = 3.45. The FWM process is performed by the nonlinear
polarizations of silicon

Pp (ωs+ωi−ωp) = 6ε0χ
(3)EsEiE

∗
p , (5)

Ps (ωp+ωp−ωi) = 3ε0χ
(3)EpEpE

∗
i , (6)

Pi (ωp+ωp−ωs) = 3ε0χ
(3)EpEpE

∗
s , (7)

wherePp,s,i andEp,s,i denote the polarizations and electric field
of the pump, signal, and idler. The FWMprocess is implemen-
ted by the coupling of electromagnetic models of the pump,
signal, and idler. A left-handed circularly polarized source is
applied to excite pseudospin down (σ−) states at the frequen-
cies of the pump and signal, however, there is no input for the
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Figure 5. Calculated band structure of (a) trivial (R= 0.9a/3), (b) unperturbed (R= a/3) and (c) nontrivial unit cells (R= 1.1a/3)
respectively. (d) Topological band inversion between dipolar modes (px/py) and quadrupolar modes (dx2−y2/dxy).

idler. Hence, the generation of field profiles of the idler reveals
the emergence of the FWM process.

Appendix B. Spin Chern numbers of honeycomb
lattices

By applying the k⃗ · p⃗ perturbation theory and tight-binding
model, we can obtain the spin Chern number of the
deformed honeycomb lattice. For honeycomb lattices with
C6 symmetry, there appear two irreducible representations
(E1 and E2), which correspond to dipolar and quadrupolar
modes. These eigenvalues are given by {Ep, Ep, Ed, Ed}={
−M−Nk2,−M−Nk2, M+Nk2, M+Nk2

}
based on the

sets of (|px >, |py >, |dx2−y2 >, |dxy >), where M= (Ed−
Ep)/2. When the unit cell of honeycomb lattices is deformed
from the trivial (R= 0.9a/3) to nontrivial case (R= 1.1a/3),
the bands of dipolar modes (px/py) and quadrupolar modes
(dx2−y2/dxy) are reversed. Figure 5 shows the band structures
of the trivial (R= 0.9a/3), unperturbed (R= a/3) and non-
trivial unit cells (R= 1.1a/3) respectively. These band struc-
tures certify the emergence of the topological bandgap for
deformed honeycomb photonic crystals. Moreover, the pro-
cess of topological band inversion between dipolar modes
(px/py) and quadrupolar modes (dx2−y2/dxy) is illustrated in
figure 5(d). The mechanism of topological transition gives rise
to the emergence of topological edge states.

The Hamiltonian describing the band structure of honeycomb
lattices can be written as [12]

H(k) =


−M+Bk2 Ak+ 0 0
A∗k− M−Bk2 0 0
0 0 −M+Bk2 Ak−
0 0 A∗k+ M−Bk2

,

(8)

with k± = kx± iky and B=−(D+F+ 2N)/2. It is noted that
this form is similar to the Hamiltonian of Bernevig–Hughes–
Zhang model [38]. Moreover, the parameters D, F and A can
be calculated by [30]

−Dk2x −Fk2y

=
⟨px|k ·P|dx2−y2⟩⟨dx2−y2 |k ·P|px⟩+ ⟨px|k ·P|dxy⟩⟨dxy|k ·P|px⟩

Ep−Ed
,

(9)

Akx = ⟨px|k ·P|dx2−y2⟩. (10)

The spin Chern number for honeycomb lattices yields [12]

Cs =± [sgn(M)+ sgn(B)]/2. (11)

Therefore, the spin Chern number is calculated as Cs = 0 with
M= (Ed−Ep)/2> 0 for the trivial band structure, whileCs =
±1 with M= (Ed−Ep)/2< 0 for the nontrivial case [12]. It

6
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Figure 6. (a) Simulate field profiles of the FWM process in photonic crystals with disorders. (b) Artificial disorders at the interface.

can be proved by the band inversion of px/py and dx2−y2/dxy
for the trivial and nontrivial topology.

Appendix C. Nonlinear evolution of the FWM
process

Due to the third-order nonlinearity of silicon, the nonlinear
FWM process produces the signal and idler photons. For the
FWM process, the Hamiltonian is described by

H= HL +HNL, (12)

where [19, 21, 39]

HL =
∑
j

ˆ
dωjℏωja†j,ωj

aj,ωj , (13)

HNL =−γ0

ˆ
dωpdωsdωia

†
p,ωp

a†p,ωp
as,ωsai,ωie

i(2kp−ks−ki)x

+ h.c., (14)

where γ0 denotes the effective coupling constant, a†m and am
are the creation and annihilation operator of the degenerate
FWM process represented by µ ∈ {p, s, i}, h.c. is the Her-
mitian conjugate.

The biphoton state generated from the FWM process is
given by

|Ψ⟩ =
¨

dωsdωiA(ωs,ωi)â
†
ωs
â†ωi

|0⟩, (15)

where A(ωs,ωi) is the joint spectral amplitude. Consider
the phase-matching condition and classical approximation of
pump wave, it can be rewritten by

|Ψ⟩ =
¨

dωsdωiα

(
ωs+ωi

2

)
sinc

(
∆kL
2

)
as,ωsai,ωi |0⟩,

(16)

where∆k is the wavevector mismatch and L is the propagating
length of topological kink states.

Appendix D. Robustness against disorders

To clarify the disorder stability of the FWM process in topo-
logical photonic crystals, we introduce disorders to the inter-
face between trivial and nontrivial regions. As depicted in
figure 6(b), inside the blue region, the positions of several rods
are shifted randomly by the distances in the range of [−0.1a,
0.1a], and some selected rods are removed randomly. The sim-
ulated field profiles of the FWM process in photonic crystals
are shown in figure 6(a). Topological edge states of the pump,
signal, and idler are excited at a trapezoidal interface.We show
that the biphoton states generated via the FWM process can
pass through the disordered region without visible scattering.
The field profiles of biphoton states are concentrated at the
interface. The result implies that topological edge states of the
pump, signal, and idler remain stable against these disorders.
Such disorder stability comes from the lattice symmetry of the
QSH effect. It is noted that the topological protection is des-
troyedwhen theC6 symmetry of lattices is broken. In this case,
the edge states are scattered into bulk bands.
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