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Generation of hyperentangled photon pairs is investigated based on the lithium niobate straight waveguide. We pro-
pose to use the nonlinear optical process of spontaneous parametric down-conversion (SPDC) and a well-designed lithium
niobate waveguide structure to generate a hyperentangled (in the polarization dimension and the energy-time dimension)
two-photon state. By performing numerical simulations of the waveguide structure and calculating the possible polarization
states, joint spectral amplitudes (JSA), and joint temporal amplitudes (JTA) of the generated photon pair, we show that the
generated photon pair is indeed hyperentangled in both the polarization dimension and the energy-time dimension.
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1. Introduction
Quantum entanglement is a highly representative and

attractive phenomenon in quantum physics, representing a
fundamental quantum correlation in complex quantum sys-
tems. Quantum entanglement is widely used in vari-
ous quantum applications and quantum technologies, lay-
ing the foundation for exponential performance accelera-
tion of quantum computing,[1–3] safe and reliable quantum
communication,[4–6] precise and sensitive quantum precision
measurement,[7–11] etc. In quantum key distribution, the use of
quantum entanglement enables the two communicating parties
to share a random, secure key to encrypt and decrypt informa-
tion, thus ensuring communication security.[12–14] Dense cod-
ing applies the quantum entanglement mechanism to transmit
information, and for every two classical bits of information,
only one quantum bit needs to be used, thus doubling the trans-
mission efficiency.[15,16] Quantum entanglement also plays an
important role in the architecture of quantum computers. For
example, in a one-way quantum computer approach, a multi-
body entangled state, usually a graph state or cluster state,
must first be prepared, and then the result is calculated by a
series of measurements.[17,18]

Quantum entanglement can arise in multiple degrees of
freedom, such as polarization degrees of freedom, spatial
mode degrees of freedom, and time degrees of freedom.[19,20]

Such quantum states with entanglement relations in multiple
degrees of freedom are called hyperentangled states. Hyper-
entanglement has many advantages over quantum entangle-
ment in single degree of freedom: it can realize more ef-
fective Bell state measurement, construct asymmetric optical

quantum networks, improve the channel capacity of quan-
tum networks, and can also contribute to the physical real-
ization of quantum purification and quantum computing, and
can be applied to the in-depth study of fundamental problems
of quantum mechanics such as nonlocality.[21,22] Hyperentan-
gled photon pairs have excellent information carrying capabil-
ity and are very ideal physical carriers for quantum commu-
nication systems. Since the hyperentangled state has multiple
degrees of freedom, it can improve the channel capacity and
security of quantum communication, and plays an important
role in many practical areas of application such as quantum
information science.[23,24]

There are many schemes for the preparation of hyper-
entangled states. In 2015, Zhenda Xie et al. prepared high-
dimensional hyperentanglement with polarization entangle-
ment and energy-time entanglement using a fibre Fabry–Pérot
cavity (FFPC) and Hong–Ou–Mandel (HOM) interference.[25]

In 2018, Chenet et al. achieved a polarization-based HOM
interference-based preparation of polarization entanglement
sources and extended it to the preparation of polarization-
discrete frequency hyperentanglement sources in 2019.[26,27]

However, these schemes can only prepare hyperentangled pho-
ton pairs of discrete variables and are difficult to achieve on-
chip integration. In our scheme, we will use carefully designed
lithium niobate waveguides to directly generate hyperentan-
glement on a polarization and energy-time basis through spon-
taneous parametric downconversion (SPDC) process, and the
generated two-photon pairs have a certain bandwidth.

This paper is organized as follows. In Section 2, we in-
troduce our scheme that generates hyperentangled biphoton
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states. In Section 3, the SPDC Hamiltonian is introduced
and we derive the theoretical model of hyperentangled two-
photon states. Section 4 demonstrates that the generated two-
photon pair exists entanglement in the energy-time dimension,
which finally proves the existence of hyperentanglement for
our scheme. Section 5 gives the conclusion of this paper.

2. The hyperentangled photon pairs source
scheme
In our hyperentangled photon pairs source scheme, we

chose a 600 nm thick z-cut lithium niobate crystal film as
the base processing material and etched a specific structure
of waveguide on the crystal, as shown in Fig. 1. The trapezoid
in the center of the figure is the area where the pump light, sig-
nal light and idler light are transmitted, and the length of the
waveguide is 8 mm. The effective refractive index dispersion
curves of this waveguide structure for o-light and e-light are
obtained by simulation, as shown in Fig. 2 (θ = 75◦).
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Fig. 1. Scheme of our z-cut LN waveguide. (a) Overall schematic dia-
gram. Purple arrows show the optical axis of LN and red arrows show the
electric polarization direction of the transverse electric (TE) mode and the
transverse magnetic (TM) mode. (b) Cross-section diagram. (c) Material
refractive index of LN with different optical axes at 1570 nm. (d) Mode
profile.
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Fig. 2. Effective refractive index dispersion curves for o-light and e-light
(θ = 75◦).

We set the wavelength of the input pump light λp =

780 nm, and its angular frequency ωp = 2ω0 = 2.4149×
1015 rad/s , where ω0 denotes the center frequency of the sig-
nal light and idler light generated by SPDC. According to the

equation of wave vector k(ω) = [n(ω) ·ω]/c, we can obtain
ko(2ω0) = 1.7318× 107 m−1, ko(ω0) = 7.5741× 106 m−1,
ke(ω0) = 8.0235× 106 m−1. A pump photon generates a
signal photon and an idler photon, and the amount of wave
vector mismatch of this nonlinear process needs to be pro-
vided by a periodically polarized crystal to compensate. In
our scheme, we use single-period polarization to compen-
sate only the wave vector mismatch amount when the sig-
nal light and idler light frequencies are equal, that is, kpp =

ko(2ω0)−ko(ω0)−ke(ω0) = 1.8205×106 m−1. According to
the theory of quasi-phase matching, the amount of wave vector
mismatch that can be compensated by a periodically polarized
crystal is related to the polarization period as kpp = 2π/Λ , then
we can obtain the polarization period Λ = 3.4513 µm.

We expect a broadband SPDC to occur in which the
wavevector mismatch is still within a small range when the
signal and idler light frequencies are not equal. At this point,
the periodically polarized crystal is no longer able to com-
pensate exactly for the wave vector mismatch of the down-
conversion process. Let the difference between the signal light
and the idler light frequency is ∆ω , and assume that the sig-
nal light frequency is distributed on the left side of ω0 and the
idler light frequency is distributed on the right side of ω0, then
the wave vector mismatch at this time is

∆k = kp− km

(
ω0−

∆ω

2

)
− kn

(
ω0 +

∆ω

2

)
, (1)

where m,n = o,e denotes the polarization states of signal light
and idler light. When the amount of wave vector mismatch is
not fully compensated, the efficiency of the nonlinear process
decreases according to sinc function, and the conversion effi-
ciency is proportional to sinc2[(∆k · L)/2], where L indicates
the length of the waveguide.

We expect the generated two-photon pair has hyperentan-
glement on a polarization and energy-time basis. To achieve
entanglement in the polarization dimension, we need to make
sure that only one of the two phase matching conditions can
occur. Figure 3 shows conversion efficiencies corresponding
to all possible SPDC processes, including type-I and type-
II phase matching conditions. Figure 3 also shows conver-
sion results corresponding to different cutting angle θ . In
our actual work, we choose θ = 75◦. From Fig. 3 we can
see that when the frequency spacing of the two-photon grows
to 1.92× 1011 Hz (192 GHz) for the type-II SPDC process,
the function value drops to 0, which indicates that the con-
version efficiency drops to 0, and we define the frequency in-
terval at this point as the bandwidth of the quantum entan-
glement source. On the other hand, the value of the conver-
sion efficiency function for type-I SPDC process tends to zero
(approximately the order of 10−8), so it can be assumed that
type-I SPDC process does not occur. Type-II SPDC process
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includes two cases: o → o + e and o → e + o. Given that
two cases have nearly identical conversion efficiency func-
tions, we can conclude that the two cases have the same prob-
ability of occurrence, that is, the generated two-photon state
ψ ∼ 1√

2
(|H〉|V 〉+ |V 〉|H〉), which demonstrates the generated

two-photon pair is entangled in the polarization dimension.
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Fig. 3. Conversion efficiency curves of all possible SPDC processes.
(a) and (b) SPDC processes satisfying type-II phase matching con-
dition. (c) and (d) SPDC processes satisfying type-I phase matching
condition. Conversion results corresponding to different cutting an-
gles θ are also shown above.

After we make sure the generated two-photon pair is en-
tangled in the polarization dimension, we just need to prove
that they are also entangled in the energy-time dimension, then
the hyperentangled state will be obtained.

3. Theoretical model of hyperentangled two-
photon states
In this section, we will derive the theoretical expression

of our hyperentangled two-photon states on the basis of the
Hamiltonian. In the interaction picture, the evolution of the
quantum state with time satisfies the following equation:[28]

|ψ(t→+∞)〉 ≈ |ψ(t→−∞)〉

− i
h̄

∫ +∞

−∞

𝐻̂int(t)|ψ(t→−∞)〉dt, (2)

where |ψ(t→−∞)〉= |0〉s|0〉i, and 𝐻̂int(t) represents the non-
linear part of the three-wave mixing Hamiltonian that includes
a pump photon annihilating and generating a signal photon and
an idler photon, and its inverse process

𝐻̂int(t) ∝ ε0

∫
d3𝑟 ∑

α,β ,γ

χ
(2)
α,β ,γ(𝑟)𝐸

+
p,γ(𝑟, t)𝐸̂

−
s,α(𝑟, t)𝐸̂

−
i,β (𝑟, t)

+h.c., (3)

where h.c. denotes the Hermitian conjugate, which corre-
sponds to the inverse process of SPDC. Hence, the two-photon

state |ψ〉 (disregarding the dominant contribution of vacuum)
is

|ψ(t→+∞)〉 ∝ − iε
h̄

∫ +∞

−∞

dt
∫

d3𝑟 ∑
α,β ,γ

χ
(2)
α,β ,γ(𝑟)𝐸

+
p,γ(𝑟, t)

×𝐸̂−s,α(𝑟, t)𝐸̂−i,β (𝑟, t)|0〉s|0〉i. (4)

We consider that the input pump light, due to its high in-
tensity, can be treated as a classical electric field

𝐸+
p,γ(𝑟, t) =

∫
dωpAp(ωp)𝐸p(𝑟,ωp)e−iωpt ,

𝐸p(𝑟,ωp) = 𝑒p(𝑟,ωp)e ikp(ωp)z−αp(ωp)z, (5)

where AP(ωP) denotes the spectral amplitude of the pump
light. The quantized electric field operators for signal light
and idler light can be expressed as

𝐸̂−m (𝑟, t) =
∫ +π/Λ

−π/Λ

dkm

√
h̄ωm(km)

2
e iωmt𝐸∗m(𝑟,km)â

†
m,km

,

𝐸m(𝑟,k) = 𝑒m(𝑟,k)
e ikz
√

2π
, (6)

where m = s, i, and Λ is the period of the structured waveg-
uide. Substitute Eqs. (5) and (6) into Eq. (4), we can obtain

|ψ〉 ∝

∫∫ +π/Λ

−π/Λ

dks dki
√

ωsω iAp
e(i∆k−αp)L−1
(i∆k−αp)Λ

×
∫

Ω

d3𝑟 f (𝑟,ks,ki)â
†
s,ks

â†
i,ki
|0〉s|0〉i, (7)

where ∆k = kp(ωs +ω i)−ks−ki− 2π

Λ
, and the periodic func-

tion f (𝑟,ks,ki) =∑
αβγ

χ
(2)
αβγ

e i 2π

Λ
zep,γ e∗s,α e∗i,β . Considering the

four possible SPDC processes, we can separate |ψ〉 into four
parts, so that∫∫ +π/Λ

−π/Λ

dks dki · · · â†
s,ks

â†
i,ki

≈
∫∫

around ∆kA=0
dks,o dki,e · · · â†

s,ks,oâ†
i,ki,e

+
∫∫

around ∆kB=0
dks,e dki,o · · · â†

s,ks,eâ†
i,ki,o

+
∫∫

around ∆kC=0
dks,o dki,o · · · â†

s,ks,oâ†
i,ki,o

+
∫∫

around ∆kD=0
dks,e dki,e · · · â†

s,ks,eâ†
i,ki,e

. (8)

Moreover, we go from the k-space to the ω-space, where we
can write dk = dω(ng(ω)/c), then we can derive

|ψ〉 ∝

∫∫
dωs dω iA(ωs,ω i)|s,o,ωs〉|i,e,ω i〉

+B(ωs,ω i)|s,e,ωs〉|i,o,ω i〉

+C(ωs,ω i)|s,o,ωs〉|i,o,ω i〉

+D(ωs,ω i)|s,e,ωs〉|i,e,ω i〉, (9)

where |s/i,o/e,ωs/ω i〉= â†
s/i,o/e,ωs/ω i

|0〉s/i, and A(ωs,ω i) =√
ωsω iOvAAp(ωs + ω i)JPSA is the joint-spectral-amplitude
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(JSA) for process o → o + e, and the joint phase-matching
spectrum (JPS) and overlap integral (Ov) are defined as

JPSA =
e[i(kp−ks,o−ki,e)−αp]L−1
i(kp− ks,o− ki,e)−αp

,

OvA =

√ngsngi
∫

Ω
d3𝑟∑αβγ χ

(2)
αβγ

ep,γ e∗s,o,α e∗i,e,β√∫
Ω

d3𝑟𝑑s ·𝑒∗s
∫

Ω
𝑑i ·𝑒∗i

. (10)

B(ωs,ω i), C(ωs,ω i) and D(ωs,ω i) can be obtained by the
same method. Given the fact that type-I SPDC process does
not occur (which is mentioned in Section 2) in our scheme, we
can assume that C(ωs,ω i) ≈ D(ωs,ω i) ≈ 0, thus we obtain
the resulting biphoton state

|ψ〉 =
∫∫

dωs dω iA(ωs,ω i)|s,o,ωs〉|i,e,ω i〉

+B(ωs,ω i)|s,e,ωs〉|i,o,ω i〉. (11)

4. Simulation results
In this section, we show the numerical simulation results

of JSA and joint temporal amplitude (JTA) to explore the en-
tanglement of the generated two-photon pair in the energy-
time dimension. The input pump light is a single frequency
continuous laser with a wavelength of 780 nm and a full width
at half maxima of 0.1 nm. The calculated and plotted fre-
quency width is set to BW = 192 GHz, and JSA of the gen-
erated two-photon pair is shown in Fig. 4.
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Fig. 4. Modulus distribution diagram of JSA.

When A(ωs,ω i) can be split into the product of two
univariate functions about ωs and ω i (i.e., A(ωs,ω i) =

A(ωs)A(ω i)), the generated state is separable; conversely, if
A(ωs,ω i) is not separable, the generated state is entangled,
and this entangled state is referred to as a continuous fre-
quency entangled state.[29] To investigate whether A(ωs,ω i)

is splittable, we can perform a Schmidt decomposition on it

A(ωs,ω i) =
N

∑
n=1

√
λnψn(ωs)φn(ω i), (12)

where λn is the Schmidt coefficient, ψn(ωs) and φn(ω i) are a
set of standard orthogonal functions in the Hilbert space where
the signal optical quantum state and the idler optical quantum
state are located, respectively. λn, ψn(ωs) and φn(ω i) are so-
lutions of the following eigenvalue equations:∫

K1(ω,ω ′)ψn(ω
′)dω

′ = λnψn(ω),∫
K2(ω,ω ′)φn(ω

′)dω
′ = λnφn(ω), (13)

with K1(ω,ω ′)≡
∫

A(ω,ω2)A∗(ω ′,ω2)dω2 and K2(ω,ω ′)≡∫
A(ω1,ω)A∗(ω1,ω

′)dω1.
Based on the eigenvalue λn obtained from the Schmidt de-

composition, two quantitative indicators, entropy of entangle-
ment S and effective Schmidt rank K, can be used to measure
the degree of entanglement, which are defined as

S =−
N

∑
n=1

λn log2 λn, (14)

K =
(∑N

n=1 λn)
2

∑
N
n=1 λ 2

n
. (15)

Entropy of entanglement S > 0 and effective Schmidt rank
K > 1 both indicate the presence of entanglement, and the
larger value indicates the higher degree of entanglement. The
joint-spectral amplitude is first normalized and then solved
to obtain the Schmidt coefficients in the Schmidt decompo-
sition. In the specific calculation, the discretization into 5001-
dimensional vectors and matrices gives the 5001 eigenval-
ues, i.e., the Schmidt coefficients. The first 15 Schmidt co-
efficients, arranged from largest to smallest, are shown in
Fig. 5(a). More than one non-zero Schmidt coefficient in
Fig. 5(a) proves that the two-photon generated by this broad-
band entanglement source has the property of continuous fre-
quency entanglement. The calculated effective Schmidt rank
K = 3.6532 > 1 also proves the continuous frequency entan-
glement property. Entropy of entanglement S is calculated and
the result is shown in Fig. 5(b), where S finally converges to
2.1276; and the first four basis functions in the Schmidt de-
composition are shown in Figs. 6(a) and 6(b), from which we
can see the orthogonality of each basis function.
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Fig. 5. Results of Schmidt decomposition. (a) The maximum 15 Schmidt
coefficients after Schmidt decomposition of JSA. The latter coefficients
are close to 0, and their contributions to entropy of entanglement S and
effective Schmidt rank K are negligible. (b) Entropy of entanglement S
of our designed entanglement source. The results of successive iterations
are shown, and Sk finally converges to 2.1276.
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After JSA is obtained, the Fourier transform can be
used[30,31] to obtain JTA, with the relationship

Ã(ts, ti) = F [A(ωs,ω i)]

=
∫∫

dω i dωsA(ω i,ωs)e iω iti e iωsts . (16)

The same entanglement analysis as JSA can be performed
for JTA, i.e., continuous-time entanglement is judged by the
Schmidt coefficients after Schmidt decomposition. After cal-
culation, we obtain the exact same Schmidt coefficients λn as
JSA, which means that it also has the same entropy of entan-
glement S = 2.1276 and effective Schmidt rank K = 3.6532.
Therefore, the two-photon state generated by this entangled
source is also continuously time-entangled.

Next we will discuss the energy-time entanglement prop-
erties of the entangled source. Considering the signal photon
and the idler photon generated by SPDC, the product of the
standard deviation of the sum of their frequencies ∆(ωs +ω i)

and the standard deviation of the difference in arrival times
∆(ts − ti) is called the joint uncertainty product. The joint
uncertainty product less than 1 is the most direct manifesta-
tion and evidence of energy-time entanglement between signal
light and idler light.[32] From our scheme we derive ∆(ωs +

ω i) = 9.0358× 1010 s−1 and ∆(ts − ti) = 4.5520× 10−12 s,
therefore the joint uncertainty product ∆(ωs +ω i)∆(ts− ti) =
0.4113< 1, which demonstrates the energy-time entanglement
property of signal light and idler light. Considering that in
Section 2 it has been shown that the two-photon pair is also
entangled in the polarization dimension, we successfully gen-
erate the hyperentangled two-photon pair in the polarization
dimension and energy-time dimension.

5. Conclusion
This paper investigates a hyperentangled quantum entan-

glement source with a certain bandwidth based on lithium nio-
bate straight waveguide. We verify the hyperentanglement in
the polarization dimension by analyzing conversion efficiency
functions of SPDC. The SPDC process is analyzed using quan-
tum optics theory to obtain the theoretical model of the gen-
erated two-photon state. Corresponding simulation shows that
the generated two-photon state also exhibits entanglement in
energy-time dimension using Schmidt decomposition, which

demonstrates that our entangled source generates a photon pair
with a hyperentangled state finally.
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