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The dependence of fidelity on the squeezing parameter
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This paper investigates an analytical expression of teleportation fidelity in the teleportation scheme of a single

mode of electromagnetic field. The fidelity between the original squeezed coherent state and the teleported one is

expressed in terms of the squeezing parameter r and the quantum channel parameter (two-mode squeezed state) p. The

results of analysis show that the fidelity increases with the increase of the quantum channel parameter p, while the

fidelity decreases with the increase of the squeezing parameter r of the squeezed state. Thus the coherent state (r = 0)

is the best quantum signal for continuous variable quantum teleportation once the quantum channel is built.
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1. Introduction

Quantum teleportation is the disembodied trans-
port of an unknown quantum state from the sender
to receiver using both quantum correlation called en-
tanglement and classical communication.[":?! It has
been considered very important in quantum com-
putation and quantum information.*4 Since Ben-
nett et al. proposed quantum teleportation which
transports an unknown state of any discrete variable
(DV) quantum system,!! many theoretical and exper-
imental investigations of DV quantum teleportation
have been carried out.l”! The original DV quantum
teleportation was generalized to continuous variable
domain!®"! using Einstein-Podolsky-Rosen (EPR) en-
tangled state.[] The first continuous variable (CV)
quantum teleportation, quantum teleportation of op-
tical coherent states, was demonstrated experimen-
tally by Furusawa et al.l using squeezed state entan-
glement. Experimental demonstration of teleporta-
tion of a squeezed thermal state was given.['%) The CV
entanglement swapping was implemented.!'12l The
above CV schemes are teleportation of Gaussian state.
The CV quantum teleportation using non-Gaussian
states of the radiation field as entangled resources was
investigated by Anno et al.l'® Takei’s protocoll’® re-
ported the experimental demonstration of quantum
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teleportation of a squeezed state, they did not fully
discuss the dependence of fidelity on the squeezing pa-
rameter in the teleportation of the squeezed coherent
state. In this paper, the dependence of fidelity on
the squeezing parameter of squeezed coherent states
is fully discussed.

The aim of this work is to propose a scheme for
the teleportation of squeezed coherent state and to
give the analytical expression of fidelity in terms of
the squeezing parameter r and quantum channel pa-
rameter p. This paper is organized as follows: Section
2 describes the teleportation protocol of the squeezed
coherent state. Section 3 gives the fidelity of telepor-
tation as a function of the squeezing parameter r of
the teleported squeezed coherent state and the quan-
tum channel parameter p. The conclusions are drawn
in Section 4.

2. The teleportation protocol of

the single mode

The teleportation protocol of a single mode of the
electromagnetic field may be described generally by
the following steps (see Fig. 1), the squeezed coherent
state can be teleported by this protocol.
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Step 1 Alice prepares the CV EPR pair by com-
bining mode a5 with mode a; on beam splitter BSy,
where as is the ‘position’ (X = J(a+a')) quardrature
squeezed state, a7 is the ‘momentum’ (P = % (a—a'))
quardrature squeezed state. Then beam a4 and beam

ae are an EPR pair.

Step 2 Alice keeps the beam a4 and sends the
beam ag to Bob.

Step 3 Alice combines the unknown squeezed
beam a; with beam a4 by beam splitter BSs, produc-
ing the beams as and as, a; is the quantum mode

Alice wants to teleport to Bob.

D(V2zg +iV2p3) T»

50:50

Fig. 1. Schematic representation of teleportation of the squeezed coherent states. The Arab numbers denote the
optical modes. The D(\/iazz +i \/§p3) denotes the displacement operator. The BS is the optical beam splitter. The
S(r), S(p), S(—p) are three squeeze operators, where r is squeezing parameter and p is quantum channel parameter.

Step 4 Alice first measures both the ‘position’
quadrature Xs of as and the ‘momentum’ quadrature
P;5 of agz, then she tells the measured result x5 and p3
to Bob by the classical communication channel.

Step 5 Bob applies the displacement operator
D(v2z3 4+ iv/2p3) on mode Gg after he received Al-
ice’s measured results. The produced mode ag is the
quantum mode Alice wants to teleport to Bob. The
mode a1 remains in the squeezed coherent state.

3. Teleportation fidelity

In order to evaluate the transmission performance
of the proposed protocol, the fidelity F' between the
teleported mode ag and the original mode a; will be
calculated in this section. The definition and the cal-
culation formula of fidelity between two single Gaus-
sian states are first given.

Definition The quantum fidelity was first defined
by Jozsa, based on Uhlmann’s transition probability.

Given two quantum states p; and ps, we have'4~17]

2
F = Fidelity(p1, p2) = [Tr\/\/ﬁﬂzx/ﬁTl}
2

exp [ - A7 + 1) 6] } :

2
B { VAT —Vo W

where

R= (Rl,Rz) = (va)a

A = Det(I + Iv),

0 = (DetIn — 1)(DetIy — 1),
B =02 —a,

Iy; = 2(AR;AR; + AR;AR,),

where Iy and I are respectively the covariance ma-
trices of the modes a; and aq, a; (i = 1,2) are the
mean amplitudes.

For our teleportation protocol, the input mode is
a1, the output mode is ag, so we must calculate the co-
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variance matrices Iy, I and the mean values a1, as
of a; and ag in order to obtain the fidelity.

In order to obtain the covariance matrices o; and
og, we first calculate the relationship between modes.
The quadratures of a;, a5 and a; are given by the
following equations:

Xs=e X", Py =e?P, (2)
X;=e’X\),  Pr=erP, (3)
X —orx©®  p _orp® 4
1=¢€ 11 1 =€ Ip, (4)
where
(X”) = p) =0,
1
(AX")? = (AP)? = 7. i=9.10,
and

(X() = 2, (PY) = pin,
1
0 0
(Ax{)? = (aPY) = 1,
ie., |wéo)>, \¢§8)> are vacuum states, |w§?)> is coherent
state, p,r are squeezing parameters.
The a5 and a7 are the input modes of BS; (50:50),
the output modes a4 and ag are given by the following

equations:
Xi= - (Xs 4+ X5), Pr= ——(Ps+ P2),  (5)
4*\/5 5 7) 4*\/5 5 7)s
1 1
Xg = — (X5 — X+), Ps= —(Ps — P;). (6
6 \/5(5 7) 6 \/5(5 7) ()

The output modes a5 and ag are given by the following

equations:
Xy = (X1 4+ Xa), Po= (P, + Py, (7)
2 = \/§ 1 4), 2 = \/i 1 4),
1 1
Xs=—(X1—Xy), s=—(P1—Py). (8

V2 V2

Alice can precisely measure the Xy and P3 by

using the homodyne measurement. Bob transforms

ae¢ into ag by applying the displacement operator
D(v/2z9 +iv/2p3) after he received Alice’s measured
results, dg are given by the following equations:

Xs = X¢ + V2Xy, Py = P; +V2Ps. (9)
Combining Egs. (2)-(9), one easily obtains
Xs = X1+ (X4 + Xo) = X1 +V2X;5
= Xl + \/ﬁe_ng(O)7

Py =P, + (P;— P) = P, —V2P;
=P —V2e PP, (10)

Obviously, lim,_, X3 = X1, limp_o P3 = Py, this
case corresponds to ideal quantum teleportation.
According to Eq. (4) and the definition of covari-
ance matrix, one easily calculates the covariance ma-
trix and the mean values of the original mode ay,

e 2" 0
I = , (11)
2
0 e
Tin
DPin

According to Eq. (10) and the definition of the co-
variance matrix, the covariance matrix and the mean
values of the teleported mode ag are respectively ex-
pressed in a similar way as

e 2 4 2e7 %P 0
Fs - ’ (13)
0 e 4 2e7%
Tin
Pin
Thus
0

,6 =g — O] = 0 . (15)

Substituting Eqgs. (11), (13) and (15) into Eq. (1), we
obtain the fidelity in terms of the squeezed parameters
r and the quantum channel parameter p as

1
- \/1 +e—2p—2r 4 o2r—2p | o—dp ’

(16)

Obviously, for r > 0, g—f = e (e —*)(1 +
r

eI 4 2772 1 o 74P) < 0, i.e., the coherent state
is the best quantum signal for quantum teleportation
once the quantum channel is built.

Fig. 2. Teleportation fidelity of the squeezed coherent
state in terms of p and r.
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Fig. 3. The relationship of fidelity with quantum channel
parameter p given by r =0, 1,2, 3,4.

Fig. 4. The relationship of fidelity with the squeezing
parameter r given by p = 0,1, 2,3,4.

The fidelity of the proposed protocol is plotted in
Fig. 2. This figure demonstrates the dependence of fi-
delity on both p and r. Figure 3 shows that the fidelity
increases with the increase of the quantum channel pa-
rameter p. The more perfect the quantum channel is,

the higher the fidelity of the teleported quantum signal
is. In order to improve the performance of quantum
teleportation, one can prepare the better CV EPR
pair or distill the better EPR pair from more ones by
the entanglement purification process.

For r = 0, i.e., the quantum state Alice wants to
teleport is the coherent state, F' = 0.5 when p = 0.
This corresponds to the classical telportation and the
result is compatible with the result.!! A fidelity higher
than 0.5 is not possible for coherent states without the
use of entanglement.

Figure 4 shows that the fidelity decreases with the
increase of the squeezing parameter r of the squeezed
coherent state. As we can see, the coherent state
r = 0 has the highest fidelity once the quantum chan-
nel is built, i.e., the squeezing parameter of two-mode
squeezed state p equals a special value. Thus the co-
herent state is the best quantum signal for quantum
teleportation after the quantum channel is built.

4. Conclusion

We have investigated the teleportation protocol
of a single mode of electromagnetic field. This tele-
portation protocol can teleport the squeezed coher-
ent state. The analytical relationship of the fidelity
with both the squeezing parameter r and the quantum
channel parameter p is given. The results of analysis
show that the fidelity increases with the increase of
the quantum channel parameter p, while the fidelity
decreases with the increase of the squeezing parameter
r of the squeezed coherent state. That is to say, the
coherent state is the best quantum signal for quantum
teleportation once quantum channel is built.
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